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Abstract. Since the introduction of logic program updates based on causal rejec-
tion of rules, several different semantics were set forth. All these semantics were
introduced with the same underlying motivation i.e., to overcome the drawbacks
of interpretation based updates by applying the principle of inertia to program
rules, but they were all defined for different classes of logic programs thus mak-
ing their comparisons difficult. In this paper we redefine such existing semantics,
and set forth a new one, all in the more general setting of Generalized Logic Pro-
grams, in a way that facilitates their comparisons. Subsequently, we take a closer
look at the subtle differences between these otherwise similar approaches.

1 Introduction

Concerning modifications to a knowledge base represented by a propositional theory,
two abstract frameworks have been distinguished in [16] and [7]. One, theory revision,
deals with incorporating new knowledge about a static world whose previous represen-
tation was incomplete or incorrect. The other deals with changing worlds, and is known
as theory update. This paper addresses the issue of updates of logic programs, a subject
that was recently put into context in [5].

Until recently, the work devoted to this issue followed the so called interpretation
update approach based on the idea of reducing the problem of finding the update of a
knowledge base by another knowledge base to the problem of finding the updates of its
individual models. In [13] the authors introduce the framework ofRevision Program-
ming1 where they allow the specification of updates of interpretations.

In [9], it is pointed out that such approach suffers from important drawbacks when
the initial knowledge base is not purely extensional (it contains rules), and propose a
new approach where the principle of inertia is applied to the rules of the initial knowl-
edge base, rather than to its model literals. This led to the paradigm ofDynamic Logic
Programming. A Dynamic Logic Program(DLP) is a sequence of Logic Programs
where each represents a time period (state) and contains some knowledge that is sup-
posed to be true at the state. The mutual relationships existing between different states
(specified as the ordering relation) are then used to determine its declarative semantics.

Since the introduction of this form of updates of logic programs, several different
semantics were set forth [9, 10, 2, 4, 1, 8], with the motivation of overcoming the draw-
backs of interpretation based updates by applying the principle of inertia to program
rules. But they were all defined for different classes of logic programs, thus making

1 Despite the name, the authors are actually dealing with updates and not revisions.



their comparisons difficult. For example, [9, 10] define the semantics ofJustified Up-
datesfor sequences of Revision Programs (a variant of Logic Programs), [2, 8] define
the semantics ofStable Modelsfor sequences ofGeneralized (Extended) Logic Pro-
grams(GLP) (Logic Programs allowing both default and strong negation in the heads
of rules), and [4] define the semantics of Update Answer Sets for sequences of Extended
Logic Programs. In [4], bridges between these semantics are established for restricted
classes of logic programs, showing that under some restrictions the semantics coincide.

In this paper we take a closer look at the differences between these similar ap-
proaches. For this, we start by establishing the definitions of six different semantics, all
set forth in a similar manner, thus making their comparisons easier. Four of these six se-
mantics, all defined for sequences ofGLP 2, either coincide or generalize the semantics
mentioned before. The remaining two are new proposals. Subsequently, we compare all
six semantics, either by means of examples or by means of properties, mostly with the
intention of bringing out their differences rather than their similarities.

The paper is structured as follows: in Sect. 2 we recall some definitions; in Sect 3
we define the six mentioned semantics and relate them to the ones in the literature; in
Sect 4 we establish some comparisons; in Sect 5 we wrap up.

2 Preliminaries

Let A be a set of propositional atoms. Anobjective literal is either an atomA or a
strongly negated atom¬A. A default literal is an objective literal preceded bynot .
A literal is either an objective literal or a default literal. Arule r is an ordered pair
H (r) ← B (r) whereH (r) (dubbed the head of the rule) is a literal andB (r) (dubbed
the body of the rule) is a finite set of literals. A rule withH (r) = L0 andB (r) =
{L1, . . . , Ln} will simply be written asL0 ← L1, . . . , Ln. A tautology is a rule of the
form L ← Body with L ∈ Body. A generalized logic program(GLP) P , in A, is a
finite or infinite set of rules. A program is called anextended logic program(ELP) if no
default literals appear in the heads of its rules. IfH(r) = A (resp.H(r) = not A) then
not H(r) = not A (resp.not H(r) = A). If H (r) = ¬A, then¬H (r) = A. By the
expanded generalized logic programcorresponding to the GLPP , denoted byP, we
mean the GLP obtained by augmentingP with a rule of the formnot ¬H (r) ← B (r)
for every rule, inP , of the formH (r) ← B (r), whereH (r) is an objective literal. An
interpretation M of A is a set of objective literals that is consistent i.e.,M does not
contain bothA and¬A. An objective literalL is true inM , denoted byM ² L, iff L ∈
M , and false otherwise. A default literalnot L is true inM , denoted byM ² not L,
iff L /∈ M , and false otherwise. A set of literalsB is true inM , denoted byM ² B, iff
each literal inB is true inM . An interpretationM of A is ananswer setof a GLPP
iff M ′ = least (P ∪ {not A | A 6∈ M}), whereM ′ = M ∪ {not A | A 6∈ M}, A is an
objective literal, andleast(.) denotes the least model of the definite program obtained
from the argument program by replacing every default literalnot A by a new atom
not A. Let AS (P ) denote the set of answer-sets ofP .

2 For motivation on the need for GLPs in updates, the reader is referred to [2, 8]. Note that within
the context of updates, GLPs are not equivalent to Logic Programs with Integrity Constraints.



A dynamic logic program (DLP) is a sequence of generalized logic programs. Let
P = (P1, ..., Ps), P ′= (P ′1, ..., P

′
n) andP ′′=(P ′′1 , ..., P ′′s ) be DLPs. We useρ (P) to

denote the multiset of all rules appearing in the programsP1, ...,Ps, and(P,P ′) to
denote(P1, ..., Ps, P

′
1, ..., P

′
n) andP ∪ P ′′ to denote(P1 ∪ P ′′1 , ..., Ps ∪ P ′′s ).

3 Semantics of Updates

In this Section we set forth the definitions of several semantics for dynamic logic pro-
grams in a uniform manner. Subsequently we establish that some of these semantics
either coincide or generalize the semantics proposed in the literature. Without loss of
generality, we only consider the semantics at the last state of the DLP. The common
aspect that relates the semantics for updates addressed here, known as thosebased on
causal rejection of rules, is their relying on the notion that a newer rule that is in conflict
with an older one may reject it to avoid contradiction. We start by defining the notion
of conflicting rules as follows: two rulesr andr′ areconflicting, denoted byr on r′,
iff H(r) = not H(r′). Note that we do not establish a pair of rules whose heads are
the strong negation of one another as being conflicting. Intuitively, these rules should
be regarded as conflicting. They are not explicitly stated as such since, by using the
expanded versions of GLPs, we have that for every pair of rulesr1 andr2 in a DLP
such thatH (r1) = ¬H (r2) there are two rulesr′1 andr′2, introduced by the expansion
operation, that are conflicting with the original ones i.e.r1 on r′2 andr′1 on r2. As will
become clear below, this is enough to accomplish the desired rejection when a newer
rule, whose head is the strongly negated atom of the rule being rejected, exists.

Next we define three notions of rejected rules in a DLP. Intuitively, when we con-
sider an interpretation, a rule that belongs to a program of a DLP should be rejected if
there is a newer conflicting rule whose body is true in the interpretation. This amounts
to one notion of rejection. The second builds upon the first and allows for rules of the
same state to reject each other. Intuitively this may seem odd but, as will be seen below,
it produces desirable results. The third notion builds upon the first to further impose that
the rejector rule is itself not rejected. Intuitively this condition seems reasonable but, as
will be seen below, it produces results that may not be desirable.

Definition 1 (Rejected Rules).LetP = (P1, ..., Ps) be aDLP andM an interpreta-
tion. We define:

Rej (P,M) = {r | r ∈ Pi, ∃r′ ∈ Pj , i < j, r on r′, M ² B(r′)}
Rej+ (P,M) = {r | r ∈ Pi, ∃r′ ∈ Pj , i ≤ j, r on r′,M ² B(r′)}
Rej∗ (P, M) = {r | r ∈ Pi, ∃r′ ∈ Pj \Rej∗ (P,M) , i < j, r on r′, M ² B(r′)}
Before we define the semantics, we turn our attention to the notion of default as-

sumptions. In Section 2, when we defined the semantics of answer-sets for GLPs, we
purposely did it in a somehow non standard way. Instead of using the standard GL
transformation [6] (or, to be more precise, its modified version for GLPs [12]), we ex-
plicitly add the default assumptions (default literals for all those objective literals that
do not belong to the considered interpretation) to the program and then determine its
least model. Similarly, when determining the semantics for DLPs, one also considers
the least model of a program, consisting of all rules belonging to the programs of the



DLP, without the rejected rules, together with a set of default assumptions. But unlike
for the answer-set semantics above, not all the semantics for DLPs will allow for the
explicit addition ofeverydefault literal whose corresponding objective literal does not
belong to the interpretation being considered. Instead, for such DLP semantics, the de-
fault assumptions (not A) are restricted to those corresponding to unsupported objective
literals i.e., those objective literalsA for which there is no rule in the DLP whose body
is true in the interpretation being considered. The intuition behind this is that if there
exists a rule in the DLP (rejected or not) that would support the truth of some objective
literal A, thenA should not be able to be assumedfalse by default. Instead, its falsity,
to exist, should only be obtained by some newer ruler that forces it to be false i.e., one
with H (r) = not A andM ² B (r) (whereM is the interpretation being considered).
Otherwise, we can have situations where the assumption that some objective literalA
is false indirectly leads to the rejection of a factA, as will be shown below. Since not
all semantics impose this restriction, we define two notions of default assumptions:

Definition 2 (Default Assumptions).LetP = (P1, ..., Ps) be aDLP andM an inter-
pretation. Define (whereA is an objective literal):Def∗ (P,M) = {not A | A /∈ M}
andDef(P,M) = {not A | @r ∈ ρ(P),H(r) = A,M ² B(r)}.

Using each combination of rejected rules and default assumptions, we are now ready
to define six distinct semantics for DLPs, all of which based on the intuition that some
interpretation is a model according to a semantics iff it obeys an equation based on the
least model of the multiset of all the rules in the (expanded) DLP, without those rejected
rules, together with a set of default assumptions. The six semantics are dubbeddynamic
stable model semantics(DSM), dynamic justified update semantics(DJU), dynamic u-
model semantics(DUM), dynamic answer-set semantics(DAS), refined dynamic stable
model semantics(RDSM) andrefined dynamic justified update semantics(RDJU).

Definition 3 (Semantics of Updates).LetP = (P1, ..., Ps) be aDLP andM an inter-
pretation. Then:
DSM: M is a dynamic stable modelofP iff

M ′ = least (ρ (P)−Rej (P,M) ∪Def (P, M))
DJU: M is a dynamic justified updateofP iff

M ′ = least (ρ (P)−Rej (P,M) ∪Def∗ (P,M))
DUM: M is a dynamic u-modelofP iff

M ′ = least (ρ (P)−Rej∗ (P,M) ∪Def (P,M))
DAS: M is a dynamic answer-setofP iff

M ′ = least (ρ (P)−Rej∗ (P,M) ∪Def∗ (P,M))
RDSM: M is a refined dynamic stable modelofP iff

M ′ = least (ρ (P)−Rej+ (P, M) ∪Def (P,M))
RDJU: M is a refined dynamic justified updateofP iff

M ′ = least (ρ (P)−Rej+ (P, M) ∪Def∗ (P,M))
whereM ′, ρ(.) andleast(.) are as before. LetDSM (P) denote the set of alldynamic
stable modelsofP, DJU (P) the set of alldynamic justified updatesofP, DUM (P)
the set of alldynamic u-modelsof P, DAS (P) the set of alldynamic answer-setsof
P, RDSM (P) the set of allrefined dynamic stable modelsofP, andRDJU (P) the
set of allrefined dynamic justified updatesofP.



We now relate these semantics with those defined in the literature.

Proposition 1. LetP be aDLP. M is a dynamic stable modelof P iff M is a stable
modelofP (as of [2, 8]).

Remark 1.Strictly speaking, if we consider the definitions in [2], the result only holds
for normal generalized logic programs (i.e. without strong negation). This is so because
of an incorrection in the original definition which has been corrected in [8].

Proposition 2. Let P be a DLP. M is a dynamic justified updateof P iff M is a
P−justified update(as of [10, 9]).

Remark 2.The semantics ofP−justified updateswas originally established in a setting
whereRevision Programs[13] were used instead of GLP’s. We consider the trivial cor-
respondence between GLPs and Revision Programs where eachin (A) (resp.out (A))
of the latter corresponds to aA (respnot A) of the former.

Thedynamic answer-set semanticsgeneralizes theupdate answer-set semantics[4],
originally defined for DLPs consisting of extended logic programs only i.e., without
default negation in the heads of rules, to the case of DLPs consisting of GLPs.

Proposition 3. Let P = (P1, ..., Ps) be a DLP where eachPi is an extended logic
program.M is a dynamic answer-setofP iff M is anupdate answer-set(as of [4]).

In [1] the use of strong negation is not allowed. Therefined dynamic stable model
semanticsdefined here extends the semantics of [1] to allow for strong negation.

Proposition 4. LetP = (P1, ..., Ps) be aDLP where eachPi is a normal generalized
logic programs (i.e. without strong negation).M is a refined dynamic stable modelof
P iff M is a refined dynamic stable model(as of [1]).

The dynamic u-model semanticsand therefined dynamic justified update seman-
tics do not correspond to any previously defined semantics. Their definitions are only
justified for the sake of completeness since they both suffer from some drawbacks.

4 Properties and Comparisons

In this Section we compare all six semantics by means of some properties and examples
that illustrate their similarities and differences. We start by relating all semantics with
the answer-set semantics:

Proposition 5 (Generalization of Answer-set Semantics).Let P = (P ) be a DLP
consisting of a single GLP. ThenDSM(P) = DJU(P) = DUM(P) = DAS(P) =
RDSM(P) = AS(P )

A similar proposition does not hold for therefined dynamic justified update seman-
tics (P = {a ←;not a ←} serves as a counter-example). Since this semantics fails to
obey this simple and desirable property, we will not consider it further in this paper.
Next we relate the sets of models that characterize each semantics:



Theorem 1. Let P = (P1, ..., Ps) be a DLP. ThenRDSM(P) ⊆ DSM (P) ⊆
DJU (P) ⊆ DAS (P) andRDSM(P) ⊆ DSM (P) ⊆ DUM (P) ⊆ DAS (P).

Example 1.Let P =(P1, P2, P3) be theDLP whereP1 = {a ←}, P2 = {not a ←},
andP3 = {a ← a}. We obtainRDSM(P) = DSM (P) = DJU (P) = {{}} and
DUM (P) = DAS (P) = {{} , {a}}.

This example serves to illustrate the difference in the results caused by allowing
rejected rules to reject rules or otherwise. For those semantics that useRej (P,M) and
Rej+ (P,M) (RDSM, DSM and DJU), we only obtain one model, namely{}. Since,
with Rej (P,M) andRej+ (P,M), rejected rules can reject other rules, the rulea ←
in P1 is always rejected by the rulenot a ← in P2, independently of the interpretation
M being considered. Then, since there are no rules that supporta (the rulea ← a in
P3 is not sufficient, by itself), we cannot have a model such thata belongs to it. The
interpretation{} is then the only one that verifies the condition to be a model. Note
that this is valid for RDSM, DSM and DJU. For those semantics that useRej∗ (P,M)
(DUM and DAS), since rejected rules are not allowed to reject other rules, the rejection
of the rulea ← in P1 now depends on the rulenot a ← in P2 being rejected or not.
If we consider the interpretation{}, then the rulea ← is rejected and{} verifies the
condition to be a model. If we consider the interpretation{a}, then the rulea ← a in
P3 rejects the rulenot a ← in P2 and, consequently,a ← in P1 is no longer rejected.
Sinceleast (a ←; a ← a) = {a}, we have that{a} is also a model according to DUM
and DAS. By inspectingP, we argue that the intuitive result should be to allow for
one model only, namely{}. Since we are dealing with updates, the rulenot a ← in P2

should be understood as a change in the world into a state wherea is unconditionally not
true. Therefore, we should not be able to reuse the rulea ← in P1 again. According to
DUM and DAS, this old rule inP1 serves as the support for itself not to be rejected i.e.
it serves as the support fora, rendering the rulea ← a in P3 one that rejectsnot a ←
in P2, and therefore not able to rejecta ← in P1. The reader may find this line of
argumentation more convincing after replacing the propositiona with the proposition
alive. Below, we come back to this issue when we define a property that encodes the
intuition behind it, which holds for RDSM, DSM and DJU, but not for DUM and DAS.

Example 2.ConsiderP =(P1, P2) to be theDLP whereP1 = {a ←} and P2 =
{not a ← not a}. We obtainRDSM(P) = DSM (P) = DUM (P) = {{a}} and
DJU (P) = DAS (P) = {{} , {a}}.

With this example we can observe the different results obtained by using either
Def (P,M) or Def∗ (P, M). WhenDef (P,M) is used (RDSM, DSM and DUM),
then only one model is obtained namely{a}. If we useDef∗ (P,M) (DJU and DAS),
the model{} also exists. This model is obtained by assuming a to be false by default i.e.
not A ∈ Def∗ (P,M). This default assumption justifies the use of the rulenot a ←
not a in P2 to reject the facta ← in P1. Arguably, if we look at the rulenot a ← not a
as a tautological one, it is fair to expect it not to be responsible, by itself, for a change
in the semantics. We argue that this DLP should only have one model, namely{a}.

The previous example leads to the next property, which serves as argument in favor
of usingDef (P,M) instead ofDef∗ (P,M). It relates these semantics withRevision



Programming[13]. Such framework, which for lack of space we cannot formally reca-
pitulate here, characterizes the interpretations that should be accepted as the result of
the update of an initial interpretation by a revision program. Such accepted interpreta-
tions are calledM -justified updates. If we encode the initial interpretation as a purely
extensional GLP and make it the first program of a DLP with two programs, where the
second encodes the revision program, then it is desirable that a semantics for the DLP
coincide with the one provided by the interpretation updates. It turns out that only the
three semantics that useDef (P,M) coincide with interpretation updates.

Definition 4 (Generalization of Interpretation Updates). Let M be an interpreta-
tion andRP a revision program (according to [13]). LetPRP be the GLP obtained
from RP by replacing atoms of the formin (L) (resp.out (L)) with L (respnot L).
Let PM = {A ←| A ∈ M}. We say that an update semanticsSEM generalizes In-
terpretation Updates (IU )(in the sense of [13]) iff for everyM andPRP it holds that
an interpretationI is a M -justified update iff it is a model of(PM , PRP ) according to
SEM i.e.,I ∈ SEM ((PM , PRP )).

Theorem 2 (Generalization of Interpretation Updates).RDSM , DSM andDUM
generalizeIU . DJU andDAS do not generalizeIU .

The DLP in Example 2 serves as a counter example to show that DJU and DAS do
not generalizeIU because according to the latter,{a} is the onlyM -justified update.

From the exposition so far, it becomes apparent that the differences between the
semantics are very subtle, and all related to the extent that these semantics are immune
to tautologies. Immunity to tautologies is desirable and can be defined as follows:

Definition 5 (Immunity to Tautologies). An update semanticsSEM is immune to
tautologies iff for any DLPP = (P1, ..., Ps) and any sequence of sets of tautologiesE
= (E1, ..., Es), it holds thatSEM (P) = SEM (P ∪ E).

Theorem 3. DSM , DUM , DJU andDAS are not immune to tautologies.

Example 3.Consider theDLP P =(P1, P2) whereP1 = {a ←;not a ←} andP2 =
{a ← a}. All DSM , DUM , DJU andDAS have a single model, namely{a}. Ac-
cording to these four semantics, if one program is contradictory, a tautological update
has the effect of removing such contradiction.

Theorem 4. [1] RDSM is immune to tautologies.

Before we proceed, we establish a notion of equivalence between two DLPs under
some update semantics. Intuitively two DLPs are equivalent if they have the same se-
mantics and, when both are updated by the same arbitrary sequence of programs (i.e.
the updating sequence is appended to both DLPs), their semantics still coincides.

Definition 6 (Update Equivalence).TwoDLPsPα andPβ are update equivalentun-

der semanticsSEM , denoted byPα
SEM≡ Pβ , iff for every DLPP, it holds that

SEM ((Pα,P)) = SEM ((Pβ ,P)).



This notion of equivalence is important inasmuch as it allows us to replace a DLP
that describes the history of some world by a simpler one, if we are not concerned with
the past history, but we want to guarantee that the present and future are preserved.
Ideally, we would like to devise, for each semantics, an operator that would condense
any two consecutive programs belonging to a DLP into a single one, written in the same
language. By repeatedly applying such an operator we would reduce a DLP to a single
GLP. Such operators have the following formal definition:

Definition 7 (General State Condensing Operator).LetA be a set of propositional
atoms. LetΠ denote the set of all generalized logic programs over the set of atomsA.
Let Θ be an operator with signatureΘ : Π × Π → Π. We say thatΘ is a general
state condensing operatorfor languageA and semanticsSEM iff for every DLPP
= (P1, ..., Ps) overA it holds thatPSEM≡ (P1, ..., Pi−1, Θ (Pi, Pi+1) , Pi+2, ..., Ps).

Theorem 5. LetA be a non-empty language. General state condensing operators for
languageA and semanticsRDSM , DSM , DJU , DUM , andDAS, do notexist.

Example 4.LetP =(P1, P2) be theDLP, overA = {a, b}, whereP1 = {a ← b; b ←}
and P2 = {not b ← not a}. We haveRDSM(P) = DSM(P) = DJU(P) =
DUM(P) = DAS(P) = {{} , {a, b}}. Since a general state condensing operator
Θ would condenseP1 andP2 into a single programΘ (P1, P2), and all five update se-
mantics coincide with the answer-set semantics, for DLPs with a single program, then,
AS(Θ (P1, P2)) would have to be equal to{{} , {a, b}}. But there is no generalized
logic program whose answer sets are{} and {a, b}, because{} ⊂ {a, b} and it is
known that answer-sets are minimal. Similar examples written in a language containing
just one propositional atom exist, from which we prove the theorem.

The definition for general state condensing operators requires the language in which
the resulting program is written to be the same as that of the original DLP. If we allow
extensions to the original language, then there exists, for each of the semantics intro-
duced, a polynomial transformation that takes a DLP and produces a single GLP, writ-
ten in an extended language, whose answer-sets (when restricted to the initial language)
coincide with the models of the update semantics. The existence of these transforma-
tions allows for the use of available answer-set software (e.g.SMODELS[14] andDLV
[11]) to determine the update semantics, by means of a preprocessor that implements
the transformation. Some of these implementations are publicly available. We do not
present such transformations here for lack of space (some are in the cited literature),
but their existence suffices to establish the following complexity results for all the se-
mantics (inherited from those of Logic Programming under the Answer-set semantics):

Theorem 6 (Computational Complexity). Let P be a DLP. Deciding ifDSM (P)
(resp.DJU (P), DUM (P), DAS (P), RDSM (P)) is not empty isNP −complete.
Deciding if an interpretation belongs toDSM(P) (resp. RDSM(P), DUM(P),
DAS(P), DJU (P)) isP . Deciding if an atom is true in at least one interpretation that
belongs toDSM (P) (resp.DJU (P), DUM (P), DAS (P), RDSM (P)) is NP −
complete; Deciding if an atom is true in all interpretations that belong toDSM (P)
(resp.DJU (P), DUM (P), DAS (P), RDSM (P)) is coNP − complete.



Since the size of the program obtained by the mentioned transformations depends
on the number of rules and the number of states of the DLP, we now address ways of
simplifying a DLP both by eliminating certain states and certain rules, while preserving
update equivalence.

Definition 8 (State Elimination). LetP = (P1, ..., Ps) be aDLP. Define:
SEa: If Pi = {}, thenPSEM≡ (P1, ..., Pi−1, Pi+1, ..., Ps);
SEb: If ∀r ∈ Pi, r

′ ∈ Pi+1 : r 6on r′, thenPSEM≡ (P1, ..., Pi−1, Pi ∪ Pi+1, Pi+2, ..., Ps).

The first one,SEa, encodes that updates by empty programs should not change the
semantics and should be allowed to be removed.SEbencodes that two consecutive
programs that have no conflicting rules should be able to be merged into a single one.
We now proceed to state simplification i.e. (syntactical) removal of superfluous rules:

Definition 9 (State Simplification).LetP = (P1, ..., Ps) be aDLP. Define:
SSa: If r ∈ Pi and ∃r′ ∈ Pj , i < j,H (r′) = H (r) and B(r′) ⊆ B(r), then

PSEM≡ (P1, ..., Pi\ {r} , ..., Ps);
SSb: If r ∈ Pi and ∃r′ ∈ Pj , i < j,H (r′) = not H (r) and B(r′) ⊆ B(r), then

PSEM≡ (P1, ..., Pi\ {r} , ..., Ps).

The first one,SSa, encodes that one should be able to remove an older rule for some
literal, if a newer rule for that literal exists and is equal or more general (i.e. its body
is a subset of the older rule’s body).SSbencodes that one should be able to remove an
older rule for some literal if a newer rule for its default complement exists and its body
is equal or a subset of the older rule’s body.SSbseems intuitive because if the body of
the newer rule is always true when the body of the older rule also is, then the conclusion
of the newer rule should always prevail over the conclusion of the older one.

Theorem 7. SEa and SEb hold forRDSM , DSM , DJU , DUM and DAS. SSa
holds forRDSM , DSM , DJU , DUM andDAS. SSb holds forRDSM , DSM and
DJU . SSb does not hold forDUM andDAS.

The following example, illustrates whySSbdoes not hold for DUM and DAS, which
is related to their use ofRej∗ (P,M), instead ofRej (P, M).

Example 5.Consider the DLP of Ex. 1. By removing rulea ← from P1 (due to rule
not a ← in P2) we obtainP ′ =({} , P2, P3). Note thatPDSM≡ P ′ andPDJU≡ P ′, but

PDUM6≡ P ′ andPDAS6≡ P ′. To confirm the later negative case, just observe thatDAS(P) =
{{} , {a}} andDAS(P ′) = {{}}, i.e.DAS(P) 6= DAS(P ′). Likewise forDUM .

5 Discussion and Conclusions

From the definitions and results above, it becomes apparent that the differences between
the semantics are very subtle, and all related to the extent that they are immune to tau-
tologies3. Of the five semantics presented, theRefined Dynamic Stable Modelsemantics

3 In this paper, for lack of space, we have not explored the classes of programs for which these
semantics coincide. In [4, 8] the reader can find some results on this subject.



of [1] is the only one that is immune to tautologies. It turns out that such semantics goes
a step further and is also immune to more elaborate tautological updates involving de-
pendencies amongst more rules (c.f. [1]).

Related to Logic Program Updates, we can find other semantics in the literature [17,
15], although not following thecausal rejection of rulesapproach. They follow a mix-
ture of interpretation updates and rule based updates as they both determine the models
of the theory before performing the update, yielding results that differ significantly from
the ones described in this paper. In [3] the authors propose Disjunctive Logic Programs
with Inheritance, which can be used to encode updates. In [4], the non-disjunctive frag-
ment is proved equivalent to the Update Answer Sets semantics.
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