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Abstract. Although BDI logics have shown many advantages in mod-
elling agent systems, the crucial problem of having computationally un-
grounded semantics poses big challenges when extending the theories to
multi-agent systems in an interactive, dynamic environment. The root
cause lies at the inability of modal languages to refer to the world states
which hampers agent reasoning about the connection of its mental at-
titudes and its world. In this paper, following ideas in hybrid logics,
we attempt to readdress the computational grounding problem. Then,
we provide a formalism for observations – the only connection between
mind and worlds – and expectations – the mental states associated with
observations. Finally, we compare our framework with BDI logics.

1 Introduction

The most widely held view for practical reasoning agents is that they are in-
tentional systems whose behaviour can be explained and predicted through the
attribution of mental attitudes such as beliefs, desires, hopes, fears. . . Since the
seminal work of Hintikka [14], formal analyses of mental attitudes are mainly car-
ried out using modal logics. Among these models, Belief-Desire-Intention (BDI)
model [7] and BDI logics [18] have been one of the most successful. Unfortu-
nately, BDI logics are usually claimed as having ungrounded semantics [21], that
is, there have been no work showing a one-to-one correspondence between men-
tal models and any concrete computational interpretation. This results in a large
gap between theory and practice [16]. The problem, however in our view, should
be stated more precisely that since the relationship between mental and compu-
tational models realizing the same modal language is a many-to-many relation,
it is unclear which computational model is the most suitable for simulating an
agent’s mental model in a dynamic interactive environment.

In this paper, we will demonstrate that the inability to find a concrete and
useful computational model is due to the lack of expressive power in modal lan-
guages which are used as agent specifications. Since modal syntax offers no grip
on worlds, from the local, internal perspective of modal logics, it is impossible
to detect any difference between the structures of two models. Consequently,



agent reasoning capabilities are seriously impaired. For example, imagine an ea-
gle is chasing a sparrow in a cave system where every cave appears identical. At
any cave, there is only one identical unidirectional passageway to another cave.
Modal language would express this by saying “All caves accessible from this cave
are identical to it.” But the eagle cannot tell whether it has flown through a cave
before. So either the cave system has an infinite number of caves connected with
each other, so that the eagle cannot visit a cave twice, or it has only one cave
looping back on itself, the eagle would not be able to distinguish using orthodox
modal language. If a distinction could be recognised, the eagle would be able to
justify its expectation where the sparrow could be. Hence it would speed up to
catch the sparrow in the former case, but it would stay still in the current cave
waiting for the sparrow in the latter case.

It may become apparent that a mechanism to mark the visited worlds will be
a significant advantage for the exploring agent allowing it to redraw a map of the
real world in its mind. It would not only help the agent to differentiate between
two different models, but also provide a tool to base its future predictions. Hybrid
languages by Blackburn and Tzakova [6], [3] provide such a naming mechanism
for modal languages by introducing a unique label of each world and an operator
to jump and evaluate formulae in any world. We believe that such mechanism
is strongly related to the concept of observation – the only connection between
mind and world. Hence, a formalism that describes observation and its associated
mental states, expectations will bridge the mental models and the computational
models.

In this paper, following Blackburn and Tzakova we develop a formalism for
expectation and observation in hybrid logics and compare this with the BDI
model. The paper commences by elaborating in detail the computational ground-
ing problem, and giving an overview of hybrid logics. We then describe the
observation-expectation system’s details in section §3 and its comparison with
BDI logics in section §4. Finally, we briefly outline our approach towards the
application of our framework in multi-agent systems.

2 Computational grounding problem

Fig. 1. Invariance and modal languages

The principal motivation for modal languages is to provide a local, internal
perspective about world structures. The truth value of any formula is evalu-



ated inside the structure, at a particular (current) state. Even though modal
operators also provide access to information at other states, only states that
are directly accessible from the current are allowed. This property has attracted
many scholars in various disciplines such as cognitive science, psychology, and
artificial intelligence to use modal logic as a formal analytical tool for mental
models.

The relationship between models in modal logic has been well studied un-
der the notion of bisimulation [5]. It is revealed that with only restrictions on
identical atomic information and matching accessibility relations to make modal
languages invariant, bisimulations are many-to-many relations.

Definition 1 (Bisimulation) Let Φ = {p, q, . . .} be a set of atomic proposi-
tions. Given two models M = (W,∼, π) and M′ = (W ′,∼′, π′), where W,W ′ are
non-empty sets of possible worlds, ∼⊆W ×W,∼′⊆W ′ ×W ′ are two accessibil-
ity relations on W and W ′, and π : Φ → Pow(W ), π′ : Φ → Pow(W ′) are two
interpretation functions which respectively tell the sets of worlds of W and W ′

where each proposition holds.
A bisimulation between two models M and M′ is a non-empty binary relation

Z ⊆ W ×W ′ (M and M′ are called bisimilar) if the following conditions are
satisfied:

– (prop) if wZw′ and w ∈ π(p), then w′ ∈ π′(p) for all p ∈ Φ
– (forth) if wZw′ and w ∼ v, then there exists v′ ∈ W ′ such that vZv′ and
w′ ∼′ v′

– (back) if wZw′ and w′ ∼′ v′, then there exists v ∈ W such that vZv′ and
w ∼ v

Therefore, two models with completely different structures can be modally
equivalent. Given an arbitrary model, there can be many other models bisimilar
to it. For example, let’s compare a model M, which has the natural numbers
in their usual order as its frame (W = N) and every propositional symbol is
true at every world, with another model M′ which has a single reflexive world
as its frame and all propositional symbols are true at this world (see Fig. 1).
Apparently, one is infinite and irreflexive whilst the other is finite and reflexive.
However, they both recognise the same modal language.

One may argue that this would be an advantage of modal language. So for
example if the model M above is a mental model, its identical structure would
not be implementable on a computer due to the infinite set of mental states.
However, the equivalent model M′ has a finite set of states, and hence would
certainly be implementable. This argument is valid with the assumption that
the original mental model is unchanged and fixed.

Unfortunately, we also have two crucial disadvantages, namely, the inability
to model agents in a dynamic environment and the verification problems.
Firstly, in a dynamic unpredictable environment, the agent is continuously up-
dating its mental models. The properties of the models may very well be changed
under such updates. The simple computational model M′ must also be updated
to simulate exactly its mental model. However, for example, if we add one more



world v related to a particular world w in the above model M, where only some
propositional symbols are true, it may be clear that a single simple addition to
M′ to reflect the change is not easy. One may keep arguing that perhaps M′ was
not the right choice. In an environment, where change is unpredictable an iden-
tical structure always guarantees the number of changes for the computational
model is not greater than the number of changes in the mental model. For other
non-identical structures, the possibility of more substantial changes does exist.

Secondly, whilst axiomatic verification is as hard as the complexity of a proof
problem, semantic verification (model checking) is more efficient [22, p 296]. Un-
fortunately, semantic approaches have a serious problem: it is unclear how to de-
rive appropriate accessibility relations from a given arbitrary concrete program.
It may be clear how to use the relation between computational states of the com-
putational model to construct a unimodal logic. However, for multi-modal logics
such as BDI logics, the construction is usually ad hoc. There are two reasons for
this difficulty.

1. Partitioning problem: It is unclear how to partition the relational structure
between computational states, and use these partitions for their correspond-
ing accessibility relations’ constructions. It is as hard as an exhaustive search
for all possible combinations.

2. Interaction problem: Assuming the first problem were solved, for any sub-
model of the original computational model M′, since bisimulation is a many-
to-many relation, there can be many mental models with very different struc-
tures corresponding to it. It is also unclear how constraints between modal-
ities can be derived from the sub-models.

The partitioning problem could be reduced if the relational structure can be
classified at a meta level, i.e., if it is possible to classify formulae derived from
the single relational structure into different sorts. Each sort corresponds to a
mental attitude. The partition that realises that sort can then be used to derive
the corresponding accessibility relation of the mental modality. This ultimately
provides a two-tier approach. The first tier is totally based on a single accessibil-
ity relation with an additional sorting mechanism. The second tier with various
accessibility relations is then constructed on the first tier. Unfortunately, such
sorting mechanism is not provided in orthodox modal languages.

The above issues lead us to a definite conclusion: modal languages are not
expressive enough for specifying agents in general and particularly in a dynamic,
unpredictable environment. We are unable to update our computational model
reliably and cheaply for changes in theory. More seriously, it is also expensive
to verify correctness of a computational model. We call this problem the compu-
tational grounding problem of modal languages (cf. [21]). In other words, modal
languages cannot describe the connection between minds and worlds.

Hybrid languages [3], [6], overcome the problem by two simple additions to
modal languages: a new sort of formulae nominals and satisfaction operators @.
Basically, nominals are just atomic propositions disjoint from the set of normal
propositions. The crucial difference is that, each nominal is true only at a unique
world in the possible worlds structure. Therefore, nominals can be considered



as the name, or label for worlds. Satisfaction operators @ are used to assert
satisfaction of a formula at a certain world. They allow us to jump to the world
where the formula is evaluated.

The additions are relatively simple, but they have significant contributions.
Firstly, though hybrid bisimulation could be altered slightly by adding nominals
to the set of proposition Φ in the (prop) rule, the addition of the (@) rule insists
that nominals must be true at a unique world in each model.

– (@) for all nominals s, if π(s) = {w} and π′(s) = {w′}, then wZw′ where
w ∈W,w′ ∈W ′.

The (@) rule guarantees every world w ∈ W has a unique corresponding
world w′ ∈W ′. Therefore, though bisimulation Z is a relation, under this condi-
tion, it becomes a one-to-one function. In other words, a hybrid bisimulation is
equivalent to an isomorphism [1]. With these results, two necessary conditions
to solve the grounding problem are satisfied.

Secondly, in [1], it was also proved that the addition of nominals and satis-
faction operators does not raise complexity. The satisfiability problem remains
decidable in PSPACE-complete.

The path of hybrid logics that this paper follows is led by Blackburn [2]. Com-
putational complexity and characterisation of hybrid logics were studied in [1].
The web site http://www.hylo.net provides further resources and development
in hybrid logics.

3 Observation-expectation system

3.1 Agents, observations and expectations

The real world has its own structure and properties. An agent’s mental model is
only a reflected part of that structure in the agent’s mind. The only means that
the agent has to discover its environment is through its observation. Therefore,
in order to formalise the connection between an agent’s mind and its real world,
we make observation our essential concept.

According to the Merriam-Webster Unabridged dictionary [13], an observa-
tion is “an act of recognising and noting a fact or occurrence...” or “an act of
seeing or of fixing the mind upon anything.” In our framework, observation is a
bisimulation between the real world and an agent’s mental model. A single object
in the real world, e.g. the planet Venus, can have multiple images in an agent’s
mind, ‘the morning star ’ and ‘the evening star ’ through two different observa-
tions. Conversely, a single mental state can refer to various real world objects,
e.g. a tiger refers to any individual which is a large carnivorous feline mammal
having a tawny coat with transverse black stripes. This ability of rational agents
is usually known as abstraction.

Unfortunately, this only connection to the real world is not always available
due to various reasons, e.g. limitations of sensors, noises or disruptions from
the environment. In such conditions, a rational agent is still able to continually



construct the world model in its mind using its inferential mechanisms and act
upon this model accordingly. Thus in the above example, when chasing the
sparrow, if the sparrow disappears into a passageway, the eagle would predict
the sparrow’s movement and keep flying to the other end of the passageway to
catch the sparrow there, instead of stopping the chase. The images of the world
in the agent’s mind that are associated with observations as about to happen
are called expectations.

In this section, firstly we describe how observations are linked in an obser-
vation system and the association of observation with expectation. Secondly, we
introduce the formalism for expectation logic based on the observation system.

3.2 Observation system

We can now formally define an observation system with its corresponding real-
world global states:

Definition 2 (Observation system) Let I be a set of agent identities, Li be
a set of local states for any agent ai, where i ∈ I. An observation system is a
quadruple OS = 〈G, τ,O, g0〉 where

– G ⊆
∏

i∈I Li is the set of global states with each g ∈ G being an instantaneous
global state.

– g0 ∈ G is the initial state of the system.
– The environment of an agent ai is Envi ⊆

∏
j∈I\i Lj

– An agent ai’s collection of observations is a relation Obsi ⊆ G × Ei, where
Ei ⊆ Li is the set of expectations and each pair (g, ε) is called an observa-
tion taken by the agent ai. ε is the agent’s expectation about g through the
observation.

– Let G ⊆ I. A group G’s collection of observations is a relation ObsG ⊆
G × EG where EG =

⋃
i∈G Ei. The pair (g, ε) ∈ ObsG is called a group

observation.
– τ : G × O → G is a system state transformer function that depicts how a

global state transits to another when a set of observation methods from the
observation method family O defined below are carried out by some or all
agents in the system.

Given a sensor set (S =
⋃

i∈I Si) and a effector set (E =
⋃

i∈I Ei), where Si

and Ei are respectively the sets of sensors and effectors of an individual agent ai.
Let’s look at the eagle and the cave system in the above example as an agent in
an observation system. The eagle’s sensors Si (eyes, ears, skin, . . . ) and effectors
Ei (wings, neck, . . . ) and any combination of them bring different observations
(Obsi) about the environment to the eagle. The eyes (ξ ∈ Si) bring visual images
of the caves (ε1 ∈ ξ), and sparrow (ε2 ∈ ξ) to the eagle’s brain Ei ⊆ Li. The
wings (e ∈ Ei) when flapping may bring an observation that its position would
be closer to the sparrow ε3. However, this can be verified by the eagle’s eyes if
ε3 ∈ ξ.



In any observation system, sensors and effectors are the primary sources that
generate observations. Each sensor or effector is associated with a set of obser-
vations. An important note is that observations associated with an effector are
only hypothetical. That is, the agent is always uncertain about the consequences
of its actions until it uses its sensors to verify the results. Thus, an observation of
an effector is justified if and only if it is also associated with a sensor. Observing
the world by obtaining observations directly from sensors and effectors is called
primitive observation method O0 (e.g. e, ξ ∈ O0). A more complicated set of
observation methods Ok would arrange the k results (expectations) of other ob-
servation methods in a systematic way to generate new expectations about the
world. These expectations are also associated with global states to form more
complex observations. Observation methods are formally defined as follows:

Definition 3 (Observation methods) An observation method family is a set
of observation method sets O = {Ok}k∈N where Ok is a set of observation meth-
ods of arity k for every k ∈ N+. O0 = S ∪ E is called primitive observation
method set. Ok is inductively defined as follows:

– ε ∈ E for all ε ∈ o0,∀o0 ∈ O0

– ok(ε1, . . . , εk) ⊆ Pow(E) for all ok ∈ Ok and ε1, . . . , εk ∈ E

Thus, if the eagle expects the sparrow would reach the end of the passageway,
and it also expects with a flap it would get to the same place at the same time, a
combination of the two expectations o2(ε2, ε3) ∈ O2 provides a way of chasing the
sparrow which generates an expectation that two birds would be at the same
place (ε4). However, if the eagle executed the “chasing the sparrow” method
o2(ε2, ε3), and it got the expectation ε5 that the sparrow was not at the same
place, it would not be able to distinguish the two resulting expectations ε4 and
ε5.

Intuitively, whilst adopting any observation method ok, an agent may have
various observations about a real world state g which bring various expecta-
tions to the agent’s mind. We call these expectations indistinguishable to the
observation method ok about the world g. That is, we cannot tell by adopting
observation method ok what makes the generated observations different. Also,
two sets of a group of agents’ expectations will appear indistinguishable to an
individual agent if its expectations in both sets do not change. Formally,

Definition 4 (Indistinguishability and transparency properties)

– Two sets of expectations E,E′ are indistinguishable through an observation
ok if E,E′ ∈ ok(ε1, . . . , εk).

– Two sets of expectations E = {ε1, . . . , εk},E′ = {ε1, . . . , εj} are indistin-
guishable to an agent ai if li(E) = li(E′) where li : Pow(E) → Pow(Li) is a
function that extracts the local states of an agent from a set of expectations.

– An observation method ok is considered as transparent if ok(ε1, . . . , εk) =
{E} where E = {ε1, . . . , εk} (cf. [23]). A transparent observation method
can also be considered as a compound sensor. The family of transparent
observation methods is denoted as Ot.



Indistinguishability of observation methods unfortunately also brings uncer-
tainty to agents. Thus, if o2(ε2, ε3) = {{ε4}, {ε5}}, the eagle would be unsure
which result would occur. Transparent observation methods hence are more
preferable. However, that also means the eagle must determine a correct set
of observations and take sufficient observations for a transparent observation
method. The eagle could combine other observations such as no way out of the
cave, or no other eagle close to the sparrow to guarantee that its “chasing the
sparrow” output could be more certain.

3.3 Expectation logic

We can now study how an agent generates its expectations from its observa-
tions about its environment by introducing an expectation logic L based on an
observation system. Consider the set of agents identified by the identity set I.
To view an observation system as a hybrid Kripke structure, we introduce the
observation interpretation function π : (Φ∪Ξ) → Pow(G) which based on avail-
able set of observations to tell which expectation is associated with which global
state. Φ = {p, q, r, . . .} is called the primitive expectation proposition set and
Ξ = {s, t, . . .} is called the observation naming set. The crucial difference from
orthodox modal logic is that for every observation name s, π returns a single-
ton. In other words, s is true at a unique global state, and therefore tags this
state. Yet, it is possible that a global state can have different observation names.
We refer the couple M = 〈OS, π〉 as a model of expectation in an observation
system.

Definition 5 The semantics of expectation logic L are defined via the satisfac-
tion relation |= as follows

1. 〈M, g〉 |= p iff g ∈ π(p) (for all p ∈ Φ)
2. 〈M, g〉 |= ¬ϕ iff 〈M, g〉 6|= ϕ

3. 〈M, g〉 |= ϕ ∨ ψ iff 〈M, g〉 |= ϕ or 〈M, g〉 |= ψ

4. 〈M, g〉 |= ϕ ∧ ψ iff 〈M, g〉 |= ϕ and 〈M, g〉 |= ψ

5. 〈M, g〉 |= ϕ⇒ ψ iff 〈M, g〉 6|= ϕ or 〈M, g〉 |= ψ

6. 〈M, g〉 |= 〈Ei〉ϕ iff 〈M, g′〉 |= ϕ for some g′ such that g ∼i
e g

′

7. 〈M, g〉 |= [Ei]ϕ iff 〈M, g′〉 |= ϕ for all g′ such that g ∼i
e g

′

8. 〈M, g〉 |= s iff π(s) = {g} (for all s ∈ Ξ), g is called the denotation of s
9. 〈M, g〉 |= @sϕ iff 〈M, gs〉 |= ϕ where gs is the denotation of s.

where 1 – 7 are standard in modal logics with two additions of hybrid logics in 8
and 9.

We have introduced the modality Ei which allows us to represent the infor-
mation of the environment resident in the agent ai’s mind about the output of
its observation methods. The semantics of the Ei modality are given through the
expectation accessibility relation defined as follows



Definition 6 Given a binary expectation accessibility relation ∼i
e⊆ G × G

then g ∼i
e g

′ iff ∃E ⊆ g,∃E′ ⊆ g′, such that E,E′ are indistinguishable to the
agent ai through an arbitrary existing observation method ok(ε1, . . . , εk), where
ε1, . . . , εk ∈ g and ε1, . . . , εk ∈ g′.

Thus, if [Ei]ϕ is true in some state g ∈ G, then by adopting observation
method ok, the local states of the agent ai about the environment (its expecta-
tions) remains the same. An eagle expects to catch a sparrow in a cave, if and
only if wherever it adopts the observation method “chasing the sparrow” above,
the sparrow will appear close to it.

The last two lines in the Definition 5. hybridise expectation language L.
Satisfaction operator @s is considered as an observation operator. Thus, a for-
mula such as @sϕ says there is an observation about the world state labelled as s
which makes ϕ true in the agent’s mind. For example, by assigning the current
cave to s, and “seeing the sparrow” to p (= ε2), @sp tells us the sentence “I am
seeing a sparrow in cave s.” This formula remains valid even though the eagle’s
current cave is no longer s.

Observation operators are in fact normal modal operators (i.e. @s(ϕ⇒ ψ) ⇒
(@sϕ ⇒ @sψ)). However, specially it is a self-dual operator (@sϕ ⇔ ¬@s¬ϕ).
This can be read as for all observations about s, ϕ holds in the agent’s mind if
and only if there exists no observation about s that brings ¬ϕ to its mind. We
can use ‘for all ’ and ‘there exists’ in this sentence interchangeably. It also allows
the expression of state equality “In cave s, it is also named Happy Cave”, by
@su if u represents ‘Happy Cave’.

A formula with both observation operator and expectation modality is more
interesting. @s〈Ei〉t will tell us that the eagle expects one of the next caves from
s will be t. In other words, there is an observation about the connection from
the cave s to the cave t. @s[Ei]t strongly asserts that t is the only subsequent
cave the eagle expects (since t is true at a unique world).

3.4 Expectation reasoning – Observation logic

The construction of expectation logic is strongly dependent on two crucial fac-
tors: the set of observations, which provides a basis to observation interpreta-
tion function π for assigning truth values to formulae, and the set of observation
methods which is the skeleton for constructing accessibility relation between ex-
pectations. Unfortunately, due to limitations of primitive sensors and effectors,
an agent will not always be able to obtain all observations about the real world.

Therefore, in such conditions a rational agent should carefully select its ob-
servations in order to maximise the synchronisation between its mental models
and the real world. Thus, when the sparrow flies into a dark passageway, the
eagle can no longer take an observation of its prey. Yet, based on its existing
expectations (mental images) and available observation methods at the current
world, the eagle can still deliberate and determine the next observation to take.
Such deliberation is possible since the eagle’s reasoning now relies on another
model – the attention model.



Definition 7 (Attention model) A model of the mental states at world s is
called an attention model Ai(s) = 〈We,∼i

@s
, ρs〉 where We is the set of expec-

tation worlds which are uniquely named by primitive propositions p ∈ Φ, the
function ρs : Ξ → Pow(We) interprets what are possible expectations for an
observation at s, and ∼i

@s
⊆We ×We is an observability accessibility relation.

The semantics of observation logic are defined via the satisfaction relation
|=s as follows

– 〈Ai(s), w〉 |=s t iff w ∈ ρs(t) (for all t ∈ Ξ)
– 〈Ai(s), w〉 |=s p iff ρs(p) = {w} (for all p ∈We)
– 〈Ai(s), w〉 |=s ¬ϕ iff 〈Ai(s), w〉 6|= ϕ
– 〈Ai(s), w〉 |=s ϕ ∨ ψ iff 〈Ai(s), w〉 |=s ϕ or 〈Ai(s), w〉 |=s ψ
– 〈Ai(s), w〉 |=s ϕ ∧ ψ iff 〈Ai(s), w〉 |=s ϕ and 〈Ai(s), w〉 |=s ψ
– 〈Ai(s), w〉 |=s ϕ⇒ ψ iff 〈Ai(s), w〉 6|=s ϕ or 〈Ai(s), w〉 |=s ψ
– 〈Ai(s), w〉 |=s 〈Oi〉ϕ iff 〈Ai(s), w′〉 |=s ϕ for some w′ such that w ∼i

@s
w′

– 〈Ai(s), w〉 |=s [Oi]ϕ iff 〈Ai(s), w′〉 |=s ϕ for all w′ such that w ∼i
@s

w′

– 〈Ai(s), w〉 |=s �pϕ iff 〈Ai(s), wp〉 |=s ϕ where wp is the denotation of p.

Definition 8 (Observation accessibility relation) An expectation q is ob-
servable (reachable) from an expectation p, p ∼i

@s
q iff there exists an observation

method ok(ε1, . . . , εk) where

– ε1, . . . , εk are valid at gs

– p ∈ {ε1, . . . , εk}
– ∃E ∈ ok(ε1, . . . , εk), such that q ∈ E.

Hence [Oi]ϕ says from the current expectation, ϕ will hold after any available
observation method is carried out. So if the eagle is currently expecting that it
will see the sparrow, it will expect the proposition q (= ε4)– “the sparrow is
caught” holds (i.e. observable) regardless of what observation methods “chasing
the sparrow” or “staying in the cave” is taken. 〈Oi〉ϕ however says from the
current expectation, there are only some observation methods that would bring
ϕ into the agent’s mind.

The expectation operator � is defined similarly to the observation operator
@. �pϕ hence asserts that there is an expectation p where ϕ holds. Hence, if
p is the expectation “seeing a sparrow”, and r is “there is some light”, �pr is
read “There is some light whenever I expect to see a sparrow”.

�p〈Oi〉ϕ
�p〈Oi〉a
�aϕ

(♦);
¬�p〈Oi〉ϕ;�p〈Oi〉q

¬�qϕ
(¬♦);

�p[Oi]ϕ �p〈Oi〉q
�qϕ

(�);

¬�p[Oi]ϕ

�p〈Oi〉a
¬�aϕ

(¬�)

Table 1. Some modality inference rules for observation system

The eagle’s deliberation can now be formalised using the rules in Table 1.
Consider the case when the cave system consists of only one cave looping back
on itself. The passageway is dark, but there is some light in the cave. The eagle



can only see the sparrow if there is some light �pr. When the sparrow flies into
the dark passageway, the eagle would say I expect whatever I do, I can only see
the sparrow in this cave s, �p[Oi]s. Whenever I see the sparrow, I know a way
to catch it�p〈Oi〉q. Using the (�) rule the eagle will decide to stay in s to catch
the sparrow �qs.

However, if the cave system consists of an infinite number of caves linking by
unidirectional passageways, the deliberation will be slightly changed. After some
observations, the eagle would discover the next cave cannot be s (¬@s〈Ei〉s), but
another cave t (@s〈Ei〉t). Hence, when the sparrow disappears, the eagle would
say, I expect whatever I do, I can only observe the sparrow in the next cave
�p[Oi]〈Ei〉t. Whenever I see the sparrow, I know a way to catch it �p〈Oi〉q.
Using the (�) rule, we will be able to derive �q〈Ei〉t, which suggests to capture
the sparrow, the eagle should follow the sparrow into the passageway linking to
the next cave t.

4 Labelled BDI logics

Rao and Georgeff’s Belief-Desire-Intention (BDI) logics are one of the most suc-
cessful theories for agent specification or verification languages in agent research
community. Following the philosopher Bratman [7], a formalisation of the three
mental attitudes belief, desire, intention and their interactions has been inves-
tigated as characterisations of an agent. Most work on BDI logics focused on
possible relationships between these three mental attitudes by adding different
constraints on their interactions. According to Bratman [7], assuming an eagle
is a rational agent, the eagle will not intend to catch the sparrow if it believes
the sparrow is uncatchable. But it still tries its best (intends) to catch the spar-
row for hunger though it does not believe it can catch it (asymmetry thesis).
Also, the eagle may believe it can catch the sparrow, but it is not necessary that
it intends to catch a sparrow now (non-transference principle). Additionally, if
the eagle intends to catch a sparrow for hunger, though it believes catching the
sparrow is certainly energy burning, it will not intend to burn out its energy
(side-effect free principle). Rao and Georgeff [17] formally put these constraints
in the following proposition:

Proposition 1 A rational agent ai must satisfy the following principles:
– Asymmetry thesis: An agent cannot have beliefs inconsistent with intentions,

but can have incomplete beliefs about its intentions.
• (BI-ICN) 6|= [Ii]ϕ ∧ [Bi]¬ϕ
• (BI-ICM) ∃M,M |= [Ii]ϕ ∧ ¬[Bi]ϕ

– Non-transference principle: An agent who believes ϕ should not be forced to
intend ϕ.
• (BI-NT) ∃M,M |= [Bi]ϕ ∧ ¬[Ii]ϕ

– Side-effect free principle: if an agent intends ϕ and believes that ϕ ⇒ ψ, it
should not be forced to intend the side-effect ψ.
• (BI-SE) ∃M,M |= [Ii]ϕ ∧ [Bi](ϕ⇒ ψ) ∧ ¬[Ii]ψ

These constraints also apply for belief-goal, and goal-intention pairs.



The constraints between these mental attitudes are set based on the rela-
tionships between the accessibility relations. Three well known cases of these
systems were studied by Cohen and Levesque in term of realism (Bi ⊆ Gi) [8],
by Rao and Georgeff in terms of strong realism (Gi ⊆ Bi) [18] and weak realism
(Gi ∩ Bi 6= ∅) [17]. Rao and Georgeff [17] also concluded that weak realism is
the only system that satisfies all desirable properties of a rational agent.

The real world model of BDI logics is viewed as a single past-branching time
future tree. Each possible world of any belief, desire (goal) or intention mod-
els consists of a subtree of the above temporal structure. In other words, they
are different images of the real world in the agent’s mind. However, a major
drawback of BDI logics is that it is very unclear which part of the real world
temporal structure should be in an agent’s mental attitudes, beliefs, desires, or
intentions. There is no formal correspondence from the mental models to the
world structure. Consider the eagle chasing the sparrow again. BDI language is
unable to tell when a particular event would happen. Thus the sentence “even-
tually the sparrow will be caught” ([Bi]♦q) can be interpreted to be true at two
different time points t1 and t2. Regardless of how many observations it can take,
the eagle using BDI logics is unable to tell if t1 and t2 is a unique time point.
A BDI agent would continue to seek for a sparrow after having one caught.
Expectation-observation logic however allows us to tell if these points are equal
by @t1t2. Hence, if it is the case, the eagle will drop all subsequent goals to catch
the sparrow in the future in the cave system.

A translation from BDI languages to our expectation-observation language
can be useful to attain the new expressive power. Firstly, we can construct our
observation system using similar temporal structure. Our expectation modality
in the system becomes the expectation about the future, equivalently to future
modality.

Definition 9 (Mental translation) A mental translation taking BDI formu-
lae to expectation-observation formulae is defined as follows:

Expectation model Attention model

– �ϕ
def
= [Ei]ϕ

– ♦ϕ def
= 〈Ei〉ϕ

– ϕUψ def
= 〈Ei〉(s∧ψ)∧[Ei](〈Ei〉s⇒ ϕ)

– ,ϕ
def
= 〈Ei〉(s ∧ ϕ) ∧ [Ei](¬〈Ei〉s)

– [Bi]ϕ
def
= [OB

i ]ϕ

– [Gi]ϕ
def
= [OG

i ]ϕ ∧ ¬ϕ
– [Ii]ϕ

def
= 〈OI

i 〉p ∧�pϕ

where WB
e = {p ∈ Φ | @sp},WG

e = W I
e = {p ∈ Φ | @s〈Ei〉p}

The crucial difference between OB
i ,OG

i ,OI
i is only based on which primitive

expectations are selected into the sets of possible worlds WB
e ,W

G
e ,W

I
e . At a

particular world named as s, beliefs are its mental states, where goals and in-
tentions are its mental states about what it expects to happen next if it takes
more observation.

By this translation, beliefs now are an agent’s expectations of what will be
observable. If there is no observation linking to the expectation, a belief may well



be false. Goals are what an agent expects to be observable (in future), but are not
observable now. This definition satisfies a number of required properties for goals
[20]. Observable also means ‘achievable’ or ‘possible’ – the agent only has goals
that it believes achievable. However, ‘¬ϕ’ guarantees the goal is unachieved or
at least expected to be unachieved. Consistency and persistence are just normal
logical properties of goals. Although intention could be defined as 〈OI

i 〉ϕ, the
above definition insists the agent has committed to a specific observation method
ok to achieve ϕ at the subsequent expectation p.

The definition also satisfies weak-realism constraint. The overlapping between
beliefs and goals is the set of expectations that hold now and at some time
points in the future (@sp and @s〈Ei〉p). However, the agent does not have direct
observation of the expectations at the current observation. The non-overlapped
part of goals are what the agent does not expect to observe now (@s¬p), but
it expects them to be observable in future (@s〈Ei〉p). Conversely, a belief is not
in the goal set if there is a direct observation now (@sp) or the agent expects it
will not happen at all (¬@s〈Ei〉p).

Similarly, the overlapping between beliefs and intentions is where the subse-
quent expectation p is also in the set of expectations of the current observation.
An intentions will no longer be in the set of beliefs if the resultant expectation
of the observation method ok which is committed to the intention, does not hold
at the current observation gs. On the other hand, a belief is out of the intention
set if there is no observation method ok links to p. In other words, the agent
believes ϕ is observable, but it has no way to observe ϕ now.

The overlapping between goals and intentions is where the expectation p is
in the set of expectations of all possible observations about to occur in the whole
system. An intention may not be a goal if it is already observable at the current
observation. On the other hand, a goal will not be a specific intention if the
agent expects ϕ can only be achieved by other observation methods not the one
associated with the intention.

By this definition, it is clear that the following proposition holds:
Proposition 2 The agent modelled by the above observation-expectation system
is a rational agent. That is, it satisfies asymmetry thesis, side-effect free and
non-transference principles.

Proof. See Appendix A.

5 Conclusion and further work

In this paper we apply hybrid logic to address a well-known unresolved problem
in the agent research community, the computational grounding problem and to
introduce a formal correspondence between mental and computational models.
It is certainly not yet another paper about hybrid logics. Hence, we do not show
decidability, completeness results which have been deeply studied by other re-
searchers [6], [1], [3], [4]. Instead, our crucial argument here is that any concrete
computational models are extensional whereas any mental models are inten-
sional. Agent specifications using orthodox modal languages can only express
intensional aspects and therefore fail to make connection to extensional aspects.



Apart from BDI logics discussed above, a major strand of research led by
the work of Fagin et al. [11], [10] has attempted to bring the external to the
internal perspective using interpreted systems as the basis of epistemic logic.
This approach tightly connects the internal to the external. The approach hence
started from a perfectly synchronised mental model with the environment where
everything is directly reflected to every agent’s mind. Then, the connection is
loosened to reflect the fact that agents are imperfect. A dilemma has arisen in
this investigation [10, Chapter 11], simultaneity (time synchronisation) strongly
affects the attainability of (common) knowledge, but true simultaneity cannot
be attained in reality. Interestingly, the resolution of this paradox leads to the
ability to record time points and the granularity of time – timestamped (com-
mon) knowledge. However, unlike hybrid languages, their naming mechanisms
cannot be manipulated and hence reasoned as formulae. An extension for time
observation in our framework to link with this work hence appears very promis-
ing.

An extension of Fagin et al.’s interpreted systems, VSK systems and VSK
logic [23], provided another attempt to formalise the connection between the
states of agents within a system and the percepts received by them. The im-
perfect situation is captured by using the notion of “partial observability” in
POMDPs [15] through V and S modalities. Their knowledge modality K re-
mains the same as modal epistemic logic [10]. There are two crucial drawbacks
of this work. Firstly, visibility function is similar to observation function by van
der Meyden [19] which is only capable of capturing the discrete states of an en-
vironment but not the relationships between them. Secondly, VSK fails to fully
capture human perception which can be faulty. Our framework using the idea
from hybrid logic overcomes the former problem by letting an observation about
a relationship be mapped onto an expectation of named state (e.g. @s〈Ei〉t). The
second problem is resolved by adding hypothetical observations from agents’ ef-
fectors into the concept of observability.

Finally, our chief further work is to show completeness and correspondence
results. However it is also worth noting that our work is principally based upon
fibring techniques by Gabbay [12] and analytic deduction via labelled deductive
systems LKE by D’Agostino and Gabbay [9]. These works provide a potential
approach towards a uniform way of combining logical systems, hence modelling
cooperative reasoning in interactive dynamic environment.
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A Proofs

BDI language Expectation-observation language

BI-ICN 6|= [Ii]ϕ ∧ [Bi]¬ϕ 6|= 〈OI
i 〉p ∧�pϕ ∧ [OB

i ]¬ϕ
BI-ICM ∃M,M |= [Ii]ϕ ∧ ¬[Bi]ϕ ∃M,M |= 〈OI

i 〉p ∧�pϕ ∧ 〈OB
i 〉q ∧�q¬ϕ

GI-ICN 6|= [Ii]ϕ ∧ [Gi]¬ϕ 6|= 〈OI
i 〉p ∧�pϕ ∧ [OG

i ]¬ϕ ∧ ϕ
GI-ICM ∃M,M |= [Ii]ϕ ∧ ¬[Gi]ϕ ∃M,M |= 〈OI

i 〉p ∧�pϕ ∧ 〈OG
i 〉q ∧ (�q¬ϕ ∨ ϕ)

BG-ICN 6|= [Gi]ϕ ∧ [Bi]¬ϕ 6|= ([OG
i ]ϕ ∧ ¬ϕ) ∧ [OB

i ]¬ϕ
BG-ICM ∃M,M |= [Gi]ϕ ∧ ¬[Bi]ϕ ∃M,M |= ([OG

i ]ϕ ∧ ¬ϕ) ∧ ¬[OB
i ]ϕ

BG-NT ∃M,M |= [Bi]ϕ ∧ ¬[Gi]ϕ ∃M,M |= [OB
i ]ϕ ∧ (¬[OG

i ]ϕ ∨ ϕ)

BI-NT ∃M,M |= [Bi]ϕ ∧ ¬[Ii]ϕ ∃M,M |= [OG
i ]B ∧ ([OI

i ]¬p ∨ ¬�pϕ)

GI-NT ∃M,M |= [Gi]ϕ ∧ ¬[Ii]ϕ ∃M,M |= ([OG
i ]ϕ ∧ ¬ϕ) ∧ ([OI

i ]¬p ∨ ¬�pϕ)

BI-SE ∃M,M |= [Ii]ϕ ∧
[Bi](ϕ⇒ ψ) ∧ ¬[Ii]ψ

∃M,M |= (〈OI
i 〉p∧�pϕ∧〈OB

i 〉q∧�q¬ϕ∧�p¬ψ)
∨(〈OI

i 〉p ∧�pϕ ∧ [OB
i ]ψ ∧�p¬ψ)

GI-SE ∃M,M |= [Ii]ϕ ∧
[Gi](ϕ⇒ ψ) ∧ ¬[Ii]ψ

∃M,M |= (〈OI
i 〉p∧�pϕ∧〈OG

i 〉q∧�q¬ϕ∧�p¬ψ)
∨(〈OI

i 〉p ∧�pϕ ∧ ϕ ∧�p¬ψ)
∨(〈OI

i 〉p ∧�pϕ ∧ [OG
i ]ψ ∧�p¬ψ)

BG-SE ∃M,M |= [Gi]ϕ ∧
[Bi](ϕ⇒ ψ) ∧ ¬[Gi]ψ

∃M,M |= ([OG
i ]ϕ∧¬ϕ∧¬[OB

i ]ϕ∧ (¬[OG
i ]ψ∨ψ))

∨([OG
i ]ϕ ∧ ¬ϕ ∧ [OB

i ]ψ ∧ (¬[OG
i ]ψ ∨ ψ))

Table 2. BDI constraints in expectation observation language

From Table 2, it is clear that (BI-ICN), (GI-ICN) and (BI-ICN) constraints
are satisfied by our framework. (BI-ICM) happens when intention is not in the
belief set. From the translation, it says p, q are indistinguishable to an obser-
vation method and they reside separately in the two sets intention and belief
respectively. Similarly for goal-intention pair except that the agent can intend
an achieved goal (i.e. no longer goal) for example to maintain its achievement.
(BG-ICM) may look counter-intuitive. However, our translation insists the dif-
ference. Beliefs are based on the current observations only, where goals can come
from different sources (from other agents – e.g. your boss). Hence, this constraint
seems appropriate in a multi-agent system. The asymmetry thesis principle is
preserved under the new language.

(BG-NT) appears obvious, since ϕ is observable now, the agent can hold a
belief about ϕ without having ϕ as its goal. The emphasis of the commitment
to an intention can now be used for (BI-NT) and (GI-NT). Commitment ties a
specific mental state p to an intention. Therefore, the agent will not intend ϕ but
it can still believe or have ϕ as goal. For example, a person does not intend war
in Iraq, but believes war is there. This also seems intuitive in a multi-agent en-
vironment. The non-transference principle is hence preserved under expectation
observation logic.

(BI-SE) can be rewritten as ([Ii]ϕ∧¬[Bi]ϕ∧¬[Ii]ψ)∨ ([Ii]ϕ∧ [Bi]ψ∧¬[Ii]ψ)
which appears to be a restricted version of (BI-ICM) and (BI-NT). So if the
agent’s belief is incomplete about the intention and at the intended expectation
p, ψ does not hold, the agent would not worry about the side effect. On the
other hand, assuming the agent believes ψ, according to (BI-NT) it is not forced
to intend ψ. The translation clarifies the situations where side-effect free can be
satisfied. We can achieve similar results for (GI-SE) and (BG-SE).


