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Abstract. We introduce a logical framework suitable to formalize struc-
tures of epistemic agents. Such a framework is based on the notion of
weighted directed acyclic graphs (WDAGs) that allow one to assign a
measure of strength to the knowledge relationships represented by the
edges. We present the declarative and operational semantics of such a
framework, and give results of correctness. We illustrate the usage of the
framework by a number of examples.

1 Motivation

In previous papers [4, 6, 8] we presented a logical formalization of a framework
for multi-agent systems where we embedded a flexible and powerful kind of
epistemic agent. In fact, these agents are rational, reactive, abductive, able to
prefer and they can update the knowledge base of other agents (including their
own). There we presented a declarative semantics for this kind of agent. In [1] we
provided a syntactical transformation that is at the basis for a proof procedure
for updating and preferring in agents, and in [5] we presented a framework for
handling the communication among epistemic agents asynchronously.

It is advocated, especially in open multi-agent systems (cf. [3, 14]), that there
is a need to make the organizational elements as well as the formalization of
the agent interactions of a multi-agent system externally visible rather than be-
ing embedded in the mental state of each agent, i.e., it is desired to explicitly
represent the organizational structure and the agent interactions. Zambonelli
[13] states that modelling and engineering interactions in complex and open
multi-agent systems cannot simply rely on the agent capabilities for communi-
cating. Rather, there is a need for concepts like organizational rules, social laws
and active environments. For the effective engineering of multi-agent systems,
high-level, inter-agent concepts, language extensions, and abstractions must be
defined to explicitly model the organization, the society in which agents oper-
ate, and the associated organizational laws. With this purpose in mind, in [7]
we elaborated over the approach proposed in [6], and usher in the more flexible
notion of weighted directed acyclic graphs (WDAGs), generalizing the notion of
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DAGs presented in [11], and permitting us to address the issues at hand by as-
signing a measure of strength to the knowledge sharing relationships represented
by the edges. Arguably, the use of WDAGs as a representational tool allows one
to formalize in a natural and abstract way several agent societies. It also pro-
motes information hiding. Consider for example a society comprising two agents,
α and β. To express that α is predominant over β, we can associate a weight to
α greater than the weight associated to β without having to know the internal
representational structure of the agents. We showed how to explicitly represent a
number of organizational structures for epistemic agents in multi-agent systems.

The contribution of the paper is to provide the operational semantics for
WMDLP, the framework proposed in [7], and to give results of correctness. The
usage of WMDLP is illustrated by exploring agent societies based on confidence
factors, and voting.

An implementation of WMDLP is available at http://www.itn.liu.se/∼piede.

2 Background

Generalized Logic Programs
To represent negative information we allow default negation not A to occur in
premises of rules as well as in their heads1. By a generalized logic program P over
a language L we mean a finite or infinite set of rules of the form L0 ← L1, . . . , Ln,
where each Li is a literal (i.e. an atom A or its default negation not A). We use ’;’
to separate the rules in a program. For instance, if a program P contains the rule
a ← b, c together with the rule e ← f and the fact d, we write P = {a ← b, c; e ←
f ; d}. In the following we syntactically represent generalized logic programs as
propositional Horn theories. In particular, we represent default negation not A
as a propositional variable. Given an arbitrary set K of propositional variables,
whose names do not begin with not, the propositional language L generated by
K is the language whose set of propositional variables consists of:

{A | A ∈ K} ∪ {not A | A ∈ K}.

If r is a rule of the form L0 ← L1, . . . , Ln, by head(r) we mean L0, and by body(r)
we mean L1, . . . , Ln. If head(r) = A (resp. head(r) = not A) then not head(r) =
not A (resp. not head(r) = A). By a (2-valued) interpretation M of L we mean
any set of literals from L that satisfies the condition that for any atom A,
precisely one of the literals A or not A belongs to M . Given an interpretation
M , we define M+ = {A | A ∈ M} and M− = {not A | not A ∈ M}.

Following established tradition, wherever convenient we omit the default
atoms when describing interpretations and models. We say that a (2-valued)
interpretation M of L is a stable model of a generalized logic program P if
M = least(P ∪M−). The class of generalized logic programs can be viewed as
a special case of yet broader classes of programs, introduced earlier in [12], and,

1 For further motivation and intuitive reading of logic programs with default negations
in the heads see [2].
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for the special case of normal programs, their semantics coincides with the stable
models semantics [9].

Directed Acyclic Graphs
A directed graph D = (V,E) is a pair comprised of a finite set V of vertices and
a finite set E of ordered pairs (v1, v2) called edges, where v1 and v2 are vertices
in V with v1 6= v2. The vertex v1 is the initial vertex of the edge and v2 the
terminal vertex. The in-valency of a vertex v is the number of edges with v as
their terminal vertex. The out-valency of a vertex v is the number of edges with
v as their initial vertex. A source is a vertex with in-valency 0 and a sink a vertex
with out-valency 0. A path in a directed graph is a sequence of consecutive edges
in the graph that begins at an initial vertex and ends at a terminal vertex. If
there exists a path from a vertex v1 to a vertex v2 we write v1 ≺ v2, otherwise
v1 ⊀ v2. We write v1 ¹ v2 if v1 ≺ v2 or v1 = v2. We write v1 � v2 if v1 ⊀ v2 and
v1 6= v2. Sometime to make explicit the vertices occurring in a path v1 ≺ vn we
write the sequence 〈v1 v2 . . . vn〉 of all vertices occurring in the path. A cycle is a
path in which the initial vertex of the path is also the terminal vertex. A directed
acyclic graph (DAG) is a directed graph that does not contain any cycle.

3 Weighted Directed Acyclic Graphs

In this section, we first introduce weighted directed acyclic graphs (WDAGs)
that generalize the notion of DAGs to associate weights to their edges, and then
we presents a number of notions based on WDAGs.

Definition 1. A weighted directed graph is a tuple (V,E, w) where V is a set
of vertices, E a set of edges and w : E → R+ a function mapping the edges in
E to positive real numbers in R+. A weighted directed acyclic graph (WDAG)
is a weighted directed graph that does not contain any cycle.

Given two vertices v1 and vn in a WDAG, the following definition distinguishes
the paths from v1 to vn that are dominant.

Definition 2. Let D = (V, E, w) be a WDAG and v1 ≺ vn (1 < n) a path
with vertices 〈v1 v2 . . . vn〉. Then, v1 ≺ vn is a dominant path iff for every path
〈a1 a2 . . . am〉 (1 < m) such that a1 = v1, am = vn and vi = aj for some i, j
with 1 < i ≤ n, 1 < j ≤ m it holds that w((vi−1, vi)) ≥ w((aj−1, aj)).

Example 1. Let D = (V,E, w) be the WDAG depicted in Fig. 1a, where V =
{v1, v2, v3, v4}, E consists of the edges: e1 = (v2, v1), e2 = (v3, v2), e3 = (v3, v1),
e4 = (v2, v4) and e5 = (v4, v1). Let w(e1) = 0.4, w(e2) = 0.8, w(e4) = 0.3 and
w(e3) = w(e5) = 0.6. Then there exist two paths from v3 to v1 that are dominant:
the path 〈v3 v1〉 and the path 〈v3 v2 v4 v1〉. Note that the path 〈v3 v2 v1〉 is not
dominant.

Definition 3. Let D = (V,E, w) be a WDAG and v1 ≺ vn a dominant path
with vertices 〈v1 v2 . . . vn〉. Then, the prevailment relation is defined as follows:
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Fig. 1. WDAGs of Example 1, 2 and 3

– Every vertex vi prevails v1 wrt. vn, for every 1 < i ≤ n.
– If there exists a path a1 ≺ vi with vertices 〈a1 . . . am vi〉 (1 ≤ m), for some

1 < i ≤ n, and w((vi−1, vi)) < w((am, vi)), then every vertex aj prevails v1

wrt. vn, for every 1 ≤ j ≤ m.

In the following, we write v1 ⊂
v

v2 to indicate that v2 prevails v1 wrt. v, and

v1 6⊂
v

v2 to indicate that v2 does not prevail v1 wrt. v.

Example 2. Let D = (V,E, w) be the WDAG depicted in Fig. 1b, where V =
{v1, v2, v3, v4, v5, v6}, E consists of the following edges e1 = (v2, v1), e2 = (v3, v2),
e3 = (v4, v2), e4 = (v5, v1) and e5 = (v6, v5). Let w(e1) = 0.5, w(e2) = w(e3) =
0.8, w(e4) = 0.6 and w(e5) = 0.2. Then, the prevalence relation includes among
the others the following: v4 ⊂

v1
v1, v2 ⊂

v1
v1, v6 ⊂

v1
v5, v2 ⊂

v1
v5 and v4 ⊂

v1
v6.

Example 3. Let D = (V,E, w) be the WDAG depicted in Fig. 1c, where V =
{v1, v2, v3, v4}, E consists of the following edges e1 = (v2, v1), e2 = (v3, v2),
e3 = (v4, v1) and e4 = (v4, v3). Let w(e1) = 0.2, w(e2) = 0.3, w(e3) = 0.4 and
w(e4) = 0.2. Then, the prevalence relation contains: v3 ⊂

v1
v1, v4 ⊂

v1
v1, v2 ⊂

v1
v4

and v3 ⊂
v1

v4. The vertex v3 does not prevail v4 since the unique dominant path

from v4 to v1 is 〈v4 v1〉.

The next result presents the basic properties of the prevalence relation.

Lemma 1. Let D = (V, E,w) be a WDAG and ⊂
v

the prevalence relation wrt.

a vertex v ∈ V over D. Then, it holds that:

a) ⊂
v

is irreflexive, i.e., ∀v1 ∈ V. v1 6⊂
v

v1,

b) ⊂
v

is not antisymmetric, i.e., it does not hold ∀ v1, v2 ∈ V. v1 ⊂
v

v2 ⇒ v2 6⊂
v

v1,

c) ⊂
v

is not transitive.

The next examples illustrate two WDAGs whose prevalence relation is neither
antisymmetric nor transitive.
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Fig. 2. WDAGs of Example 4 and 5

Example 4. Let D = (V,E, w) be the WDAG depicted in Fig. 2a, where V =
{v1, v2, v3, v4, v5}, E consists of the edges e1 = (v2, v1), e2 = (v3, v1), e3 =
(v4, v2), e4 = (v5, v3), e5 = (v4, v3) and e6 = (v5, v2). Let w(e1) = w(e2) =
w(e3) = w(e4) = 0.1 and w(e5) = w(e6) = 0.2. Then, we have that v4 ⊂

v1
v5 and

v5 ⊂
v1

v4. Thus, ⊂
v1

is not antisymmetric.

Example 5. Let D = (V,E, w) be the WDAG depicted in Fig. 2b, where V =
{v1, v2, v3, v4, v5, v6}, E consists of the edges e1 = (v2, v1), e2 = (v3, v1), e3 =
(v4, v2), e4 = (v5, v2), e5 = (v5, v3) and e6 = (v6, v3). Let w(e1) = w(e2) =
w(e3) = w(e5) = 0.1 and w(e4) = w(e6) = 0.2. Then, we have that v4 ⊂

v1
v5 and

v5 ⊂
v1

v6. Since v4 6⊂
v1

v6, ⊂
v1

is not transitive.

To avoid cases of vertices that can reciprocally prevail one another, we introduce
the notion of strong prevalence.

Definition 4. Let D = (V, E,w) be the WDAG. A vertex v2 ∈ V strongly
prevails a vertex v1 ∈ V wrt. a vertex v ∈ V iff v1 ⊂

v
v2 and v2 6⊂

v
v1.

We write v1 /
v

v2 to indicate that v2 strongly prevails v1 wrt. v. The properties
of the strong prevalence relation are summarized by the next result.

Lemma 2. Let D = (V,E, w) be a WDAG and /
v

the strong prevalence relation
wrt. a vertex v ∈ V over D. Then, it holds that:

a) /
v

is irreflexive,

b) /
v

is antisymmetric, and

c) /
v

is not transitive.

4 Logic Framework

In this section, we generalize MDLPs (introduced in [11])to allow for states to be
represented by the vertices of WDAGs and their relations by the corresponding
weighted edges. This enables us to prioritize the dimensions of a representational



158 Pierangelo Dell’Acqua

updatable system. Such a system is suitable to formalize among others organi-
zational structures for epistemic agents (cf. [7]), and societies of epistemic agents
based on confidence factors. In this setting, WMDLP assigns semantics to sets
of generalized logic programs, depending on how they stand in relation to one
another.

The next definition extends the original definition of MDLP to take into
consideration WDAGs.

Definition 5. Let L be a propositional language. A weighted multi-dimensional
dynamic logic program (WMDLP) P is a pair (PD, D), where D = (V, E,w) is
a WDAG and PD = {Pv | v ∈ V } is a set of generalized logic programs over L
indexed by the vertices v ∈ V .

Following the established terminology of MDLP, we call states the vertices of
WDAGs. We can now introduce the declarative semantics for WMDLPs.

Definition 6. Let P = (PD, D) be a WMDLP, where D = (V, E, w) and PD =
{Pv | v ∈ V }. Let s ∈ V be a state and /

s
the strong prevalence relation wrt. s

over D. An interpretation M is a stable model of P at state s iff

M = least( [Q(P, s)− Reject(P, s, M) ] ∪Default(Q(P, s),M) )
where:

Q(P, s) =
⋃

v¹s

Pv

Reject(P, s, M) = {r ∈ Pv2 | ∃r′ ∈ Pv1 , head(r) = not head(r′),M ² body(r′),
and v2 /

s
v1}

Default(Q(P, s),M) = {not A | @r ∈ Q(P, s), head(r) = A and M ² body(r)}.

Q(P, s) contains all rules of all programs that are indexed by a state along all
paths to a state s, i.e. all rules that are potentially relevant to determine the
semantics at s. The set Reject(P, s, M) of rejected rules contains those rules
belonging to a program indexed by a state v2 that are overridden by the head
of another rule with true body in state v1 such that v1 strongly prevails v2 wrt.
s. Note that we need to use strong prevalence (and not prevalence) otherwise
we can have situations where rules reject each other. For instance, given the
two programs Pv2 = {a} and Pv1 = {not a}, if the two states v1 and v2 re-
ciprocally prevail one another, then both rules a and not a would be rejected.
Default(Q(P, s),M) contains default negations not A of all unsupported atoms
A, i.e., those atoms A for which there is no rule in Q(P, s) whose body is true
in M .

It is worth noting that MDLP [11] is a special case of WMDLP where all the
edges have the same weight. In this case, the strong prevalence relation reduces
to the path relation over which MDLP is based. Hence, at the semantical level
the sets of rejected rules in MDLP and WMDLP are the same.
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Fig. 3. WDAGs of Example 6, 7 and 8

Example 6. Let P = (PD, D) be the WMDLP depicted in Fig. 3a, where D =
(V, E, w) and V = {v1, v2, v3}. E consists of e1 = (v1, v3) and e2 = (v2, v3).
Let PD = {Pv1, Pv2, Pv3} with Pv1 = {a}, Pv2 = {not a} and Pv3 = {}. If
w(e1) = w(e2), then there exists no stable model of P at state v3. In fact,
Q(P, v3) = {a;not a} and Reject(P, v3,M) = {}, Default(Q(P, v3),M) = {},
for any interpretation M . Thus, there exists no interpretation M such that M =
least(Q(P, v3)). If instead w(e1) > w(e2), then there exists a unique stable model
M = {a} of P at state v3. In fact, Reject(P, v3, M) = {not a} as v2 /

v3
v1,

Default(Q(P, v3),M) = {} and M = least({a}).
Example 7. Let P = (PD, D) be the WMDLP depicted in Fig. 3b, where D =
(V, E, w) and V = {v1, v2, v3, v4}. E consists of e1 = (v2, v1), e2 = (v3, v1)
and e3 = (v4, v3), and w(e1) = 0.7, w(e2) = 0.4 and w(e3) = 0.2. Let PD =
{Pv1, Pv2, Pv3, Pv4} with Pv1 = {b}, Pv2 = {a}, Pv3 = {not a; d ← a, b} and
Pv4 = {not b}. The unique stable model of P at state v1 is M = {a, b, d}. In fact,
as it holds that v4 /

v1
v1 and v3 /

v1
v2, we have that Reject(P, v1,M) = {not a;not b}

and Default(Q(P, v1),M) = {}. Thus, M = least({a; b; d ← a, b}).
Example 8. Let P = (PD, D) be the WMDLP depicted in Fig. 3c, where D =
(V, E, w) and V = {v1, v2, v3}. E consists of e1 = (v2, v1), e2 = (v3, v1) and e3 =
(v3, v2), and w(e1) = 0.1, w(e2) = 0.4 and w(e3) = 0.1. Let PD = {Pv1, Pv2, Pv3}
with Pv1 = {c ← a, b,not d}, Pv2 = {b;not a} and Pv3 = {a;not c}. The unique
stable model of P at state v1 is M = {a, b, c}. In fact, as it holds that v2 /

v1

v1, v3 /
v1

v1 and v2 /
v1

v3, we have that Reject(P, v1,M) = {not a;not c} and

Default(Q(P, v1),M) = {not d}. Thus, M = least({a; b;not d; c ← a, b,not d}).

5 Syntactic Transformation for WMDLPs

We next present a syntactical transformation that, given a WMDLP P, pro-
duces a generalized logic program whose stable models coincide with the stable
models of P. Thus this transformation provides the grounds for implementing
WMDLPs. The transformation is established based on the proven correct syn-
tactical transformation for the original definition of MDLP over DAGs given
in [11]. The transformation is based on the following definitions.



160 Pierangelo Dell’Acqua

Given a set K of propositional variables and a set V of states, we write K∗
to indicate the following set of propositional variables:

K∗ = K ∪ {A−, As, A
−
s , APs , A

−
Ps

, reject(As), reject(A−s ) }

for every atom A ∈ K and state s ∈ V ∪ {s0}, where s0 6∈ V is a reserved state
called initial state. Let L∗ be the propositional language generated by K∗. In the
remaining of the paper we assume that every WDAG D does not contain the
initial state s0 among its vertices. Instead, s0 belongs to the relevancy WDAG
of D, defined next.

Definition 7. Let D = (V,E, w) be a WDAG and s ∈ V a state. The relevancy
WDAG of D wrt. a state s is the WDAG D′ = (V ′, E′, w′) where:

X = {v | v ∈ V and v ¹ s}
Y = {(v1, v2) | (v1, v2) ∈ E and v2 ∈ X}
V ′ = X ∪ {s0}
E′ = Y ∪ {(s0, v) | for every vertex v ∈ X that is a source}

w′(e) =
{

w(e) if e ∈ Y
0.1 if e ∈ (E′ − Y )

The relevancy WDAG of D wrt. a state s is the subgraph of D consisting of all
vertices and edges contained in all paths to s together with the initial state s0

and the set of edges (s0, v) connecting the initial state to all the sources v in X.
Note that the value 0.1 of the weight associated to every edge of the form (s0, v)
is irrelevant since that is the unique edge incoming to v (by construction).

Since the relevancy WDAGs contain the initial state s0 and new edges out-
going from it, we need to define the prevalence relation for relevancy WDAGs.
The idea is to let every vertex of a relevancy WDAG prevail s0 wrt. any other
vertex.

Definition 8. Let D = (V, E, w) be a WDAG and /
s

the strong prevalence rela-

tion wrt. a state s ∈ V over D. Let D′ = (V ′, E′, w′) be the relevancy WDAG of
D wrt. s. Then, the strong prevalence relation ♦

s
wrt. s over D′ is defined as:

∀ v1, v2 ∈ V ′. v1 /
s
v2 ⇒ v1♦

s
v2

∀ v ∈ V ′. s0 6= v ⇒ s0♦
s

v

The following example illustrates the use of relevancy WDAGs.

Example 9. Let D = (V, E,w) be the WDAG of Example 4. The relevancy
WDAG D′ of D wrt. v1 is D′ = (V ′, E′, w′) where V ′ = {s0, v1, v2, v3, v4, v5}
and E′ consists of the edges e1 = (v2, v1), e2 = (v3, v1), e3 = (v4, v2), e4 =
(v5, v3), e5 = (v4, v3), e6 = (v5, v2), e7 = (s0, v4) and e8 = (s0, v5). The weight
function is w′(e1) = w′(e2) = w′(e3) = w′(e4) = w′(e7) = w′(e8) = 0.1 and
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w′(e5) = w′(e6) = 0.2. Thus, the strong prevalence relation ♦
v1

over D′ wrt.

v1 is defined as: v2♦
v1

v1, v3♦
v1

v1, v4♦
v1

v1, v5♦
v1

v1, s0♦
v1

v1, v4♦
v1

v2, v5♦
v1

v2, s0♦
v1

v2,

v4♦
v1

v3, v5♦
v1

v3, s0♦
v1

v3, s0♦
v1

v4 and s0♦
v1

v5.

The following proposition establishes that when determining the stable models
of a WMDLP P at a state s, we can restrict our attention to the part of P
corresponding to the relevancy WDAG wrt. s.

Proposition 1. Let P = (PD, D) be a WMDLP. Suppose that D = (V, E,w)
and PD = {Pv | v ∈ V }. Let s ∈ V be a state. Let P ′ = (PD′ , D′) be a
WMDLP such that D′ = (V ′, E′, w′) is the relevancy WDAG of D wrt. s, and
PD′ = {Pv | v ∈ V ′} where Ps0 = {}. Then, M is a stable model of P at state
s iff M is a stable model of P ′ at state s.

Note that the program Ps0 associated to the initial state does not contain any
rule.

The following definition presents a syntactic transformation that allows one
to map WMDLPs into generalized logic programs. Such a transformation is
based on the syntactic transformation for MDLPs [11]. They differ only in the
treatment of the rejection rules.

Definition 9 (Mapping Φ). Let P = (PD, D) be a WMDLP over the propo-
sitional language L. Suppose that D = (V,E, w). Given a state s ∈ V , the
generalized logic program Φ(P, s) consists of the following generalized rules over
the language L∗.
Let P ′ = (PD′ , D

′) be a WMDLP where D′ = (V ′, E′, w′) is the relevancy
WDAG of D wrt. s, and PD′ = {Pv | v ∈ V ′} where Ps0 = {}.

(RP) Rewritten program clauses:

APv ← B1, . . . , Bm, C−1 , . . . , C−n (1)

or
A−Pv

← B1, . . . , Bm, C−1 , . . . , C−n (2)

for any clause:
A ← B1, . . . , Bm,not C1, . . . ,not Cn (3)

respectively, for any clause:

not A ← B1, . . . , Bm,not C1, . . . ,not Cn (4)

in the program Pv ∈ PD′ . The rewritten clauses are obtained from the orig-
inal ones by replacing atoms A (respectively, the default atoms not A) oc-
curring in their heads by the atoms APv (respectively, A−Pv

) and by replacing
negative premises not C by C−.
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(IR) Inheritance rules:

Av ← Au,not reject(Au) (5)

A−v ← A−u ,not reject(A−u ) (6)

for every atom A ∈ K and every edge (u, v) ∈ E′. The inheritance rules say
that an atom A is true (respectively, false) in the state v ∈ V ′ if it is true
(respectively, false) in any ancestor state u and it is not rejected, i.e., forced
to be false (respectively, true).

(RR) Rejection Rules:

reject(A−u ) ← APv
(7)

reject(Au) ← A−Pv
(8)

for every atom A ∈ K and every state u, v ∈ V ′ such that u♦
s

v, where

♦
s

is the strong prevalence relation wrt. s over the relevancy WDAG D′.

The rejection rules say that if an atom A is true (respectively, false) in the
program Pv, then it rejects inheritance of any false (respectively, true) atom
of any state u that is strongly prevailed by v wrt. s.

(UR) Update rules:

Av ← APv (9)

A−v ← A−Pv
(10)

for every atom A ∈ K and every state v ∈ V ′. The update rules state that
an atom A must be true (respectively, false) in the state v if it is true (re-
spectively, false) in the program Pv.

(DR) Default Rules:
A−s0

(11)

for every atom A ∈ K. Default rules describe the initial state s0 by making
all atoms initially false.

(CSs) Current State Rules:

A ← As (12)

A− ← A−s (13)

not A ← A−s (14)

for every atom A ∈ K. Current state rules specify the current state s in
which the program is being evaluated and determine the values of the atoms
A and A−, and the default atom not A.

The following result establishes the correctness of the syntactic transformation.

Theorem 1. Given a WMDLP P over the language L, the stable models of
Φ(P, s), restricted to L, coincide with the stable models of P at state s.
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Fig. 4. (a) Temporal evolution of an agent society (b) Time prevailment

6 Modelling Updatable Information Systems

In [10] Leite discusses the representation of updatable information systems.
These systems possess information about some aspect of the world, and are
able to evolve by updating their information to reflect the dynamic behavior
of the world. For simplicity, he considers information systems based on bi-
dimensional representation structures: a hierarchical dimension and a tempo-
ral dimension. However, the approach can equally be applied to systems based
on multi-dimensional structures. An example in the context of multi-agent sys-
tems is the representation of an agent society. Suppose that each agent has a
well-defined role within the society, and the role structure of the society is hier-
archical. Consider a society that consists of two agents α and β, where the role
of α is predominant over the role of β. This means that the information of α
prevails over the information of β. At every time stamp, an agent may receive
new information and thereby evolve to the next state. An agent may acquire
new information via its sensing actions, communication acts, and so on. Fig. 4a
illustrates the temporal dimension of the agent society starting from time stamp
t1 until time stamp tn. At each time stamp ti, the agents are both at the same
state i, represented as αi and βi. The hierarchical dimension of the agents’ roles
is depicted by an arrow from βi to αi, for each time stamp ti. The new incoming
information that α and β receive at a state i is represented by the generalized
logic programs Pαi and Pβi , respectively.

Leite illustrates a number of ways to correlate the hierarchical and temporal
dimension of the agent society by means of MDLPs, among which the time
prevailing representation. We illustrate how this representation can be formalized
via WMDLPs, and compare it with the solution based on MDLPs given in [10].

Consider the case where the temporal dimension prevails over the hierarchical
dimension. Consequently, any rule defined in a more recent time overrides any
older rule irrespective of hierarchy. Such a situation can be formalized via a
WDAG as depicted in Fig. 4b. Here the temporal dimension is expressed by
connecting the states at the top of the hierarchy. The edges formalizing the
hierarchical dimension have a weight greater than the weight associated to the
edges representing the temporal dimension. This allows the rules defined in a
state with a more recent time stamp prevail the rules defined in any state with an
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older time stamp. In this setting, the conflicts due to the equal role representation
do not arise. This is shown by the next example.

Example 10. Let P = (PD, D) be the WMDLP depicted in Fig. 4b with n = 2.
Let D = (V, E, w) where V = {α1, α2, β1, β2}. E consists of e1 = (β1, α1),
e2 = (β2, α2) and e3 = (α1, α2). Let w(e1) = w(e2) = 0.2, and w(e3) = 0.1. Let
PD = {Pα1 , Pα2 , Pβ1 , Pβ2} with Pα2 = Pβ1 = {}, Pα1 = {a} and Pβ2 = {not a}.
Then, there exists a (unique) stable model M = {not a} of P at state α2. In
fact, we have that Q(P, α2) = {a;not a} and Default(Q(P, α2),M) = {}. Now,
since it holds that α1 /

α2
β2, we have that Reject(P, α2,M) = {a}. Finally, it

holds that M = least({not a}).
The formalization of the time prevailing representation via WMDLPs differs
from the one based on MDLPs since the first employs WDAGs while the second
DAGs. Employing WDAGs allows one to consider only the kind of prevailment
one wants to enforce, and to abstract away from the structural details of how to
achieve it (cf. the solution based on DAGs proposed in [10]).

7 Agent Societies Based on Confidence Factors

We describe a society whose agents have the ability to associate a confidence
factor (i) to the information incoming from other agents, (ii) to the information
outgoing to other agents, and (iii) to its own information. Confidence factors
can be used for a number of purposes, for example, to indicate the level of
trust/confidence of an agent towards another agent, the relevance of the in-
formation of a source agent, the confidence that an agent has about its own
information, the strength with which an agent supports its information towards
another agent, etc. The following example illustrates a situation where agents
have different levels of trust and belief.

Example 11. Consider a society consisting of three agents Adam, Bob and Carl.
Suppose that Adam needs to buy a car, and considers buying a Fiat. Adam will
buy a Fiat, if it is a good car. Adam believes that a Fiat is not a good car.
Adam being a non-expert on cars has low confidence about himself. Both Bob
and Carl believe that a Fiat is a good car. Bob who is Fiat car seller, always
insists (with customers) that a Fiat is a good car. Assume that Adam does not
rely too much on what car sellers say, and has instead high confidence on what
his friend Carl believes.

To formalize an agent society based on confidence factors, we need a way to
represent the logical structure of the society. We do so via the notion of CDAGs.

Definition 10. Let R+ be a set of positive real numbers. A directed acyclic
graph with confidence factors (CDAG) is a tuple (V, E,ws, wi, wt, w) where V
is a set of vertices, E a set of edges containing the edge (v, v) for any vertex
v ∈ V , ws : V → R+, wi : E → R+, wt : E → R+, and w : E → R+ a numeric
function defined in terms of ws, wi, and wt.
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CDAGs extend WDAGs to allow cycle edges of the form (v, v) only, and to
include several weight functions. Given an edge e = (v1, v2), the weight functions
wi(e) and wt(e) represent the confidence factor given by the initial vertex v1 and
terminal vertex v2 to e. Thus, wt(e) represents the confidence factor given by
v2 to the information incoming from v1 (step (i) above); wi(e) represents the
confidence factor given by v1 to the information outgoing to v2 (step (ii) above).
Given a vertex v, the weight function ws(v) indicates the level of confidence that
v has of itself (self-confidence factor). The final weight of an edge is given by the
function w.

To formalize the information inherent to the society, we employ generalized
logic programs. As we did for WMDLPs, we associate a generalized logic program
to the vertices of CDAGs.

Definition 11. Let L be a propositional language. A multi-dimensional dynamic
logic program with confidence factors (CMDLP) P is a pair (PD, D), where
D = (V, E, ws, wi, wt, w) is a CDAG and PD = {Pv | v ∈ V } is a set of
generalized logic programs over L indexed by the vertices v ∈ V .

Example 12. The car problem of Example 11 can be expressed by a CMDLP P =
(PD, D) as illustrated in Fig. 5a. We use a, b and c to denote Adam, Bob and Carl.
D = (V, E,ws, wi, wt, w) with V = {a, b, c}, E = {(b, a), (c, a), (a, a), (b, b), (c, c)},
ws(a) = 0.7, ws(b) = 0.6, ws(c) = 0.9, wi((b, a)) = 0.9, wt((b, a)) = 0.3,
wi((c, a)) = 0.7, and wt((c, a)) = 0.8. Suppose the the weight function w is
defined as:

w(e) =

{
ws(v) if e = (v, v)
wi(e)+wt(e)

2 otherwise

PD = {Pa, Pb, Pc} where Pa = {buy(fiat) ← good car(fiat);not good car(fiat)}
and Pb = Pc = {good car(fiat)}.

The intended model of Adam is Ma = {buy(fiat), good car(fiat)}. Since Adam
has low self-confidence, he believes whatever Carl believes. In fact, the final
weight of the edge (c, a) is greater than the self-confidence of Adam, i.e., w((c, a))
is greater than ws(a). (Note that the self-confidence of Adam is greater than the
final weight of the edge (b, a).)

The declarative and procedural semantics of CMDLPs is given in terms of the
semantics of WMDLPs. To do so, we first show how to code CMDLPs into
WMDLP.

Definition 12 (Mapping Π). Let P = (PD, D) be a CMDLP. Suppose that
D = (V, E, ws, wi, wt, w) and PD = {Pv | v ∈ V }. Then, the WMDLP induced
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Fig. 5. (a) CDAG D of Example 12 (b) WDAG Π(P)

by P is the WMDLP Π(P) = (PD2 , D2) where:

D2 = (V2, E2, w2)

V2 = V ∪ {v+ | for any v ∈ V }
E2 = {(u, v) ∈ E | u 6= v} ∪ {(v+, v) | for any v ∈ V }

w2(e) =

{
w((v, v)) if e = (v+, v)
w(e) otherwise

PD2 = {Qv+ | for any v+ ∈ (V2 − V ) with Qv+ = Pv} ∪
{Qv | for any v ∈ V with Qv = {} }

The CMDLP P of Example 12 is coded into the WMDLP depicted in Fig. 5b.
The new vertices v+ are needed to remove the edges (v, v) from the CDAG. This
is achieved by simply assigning the weight ws(v) to the edges (v+, v). Now, we
can give the declarative semantics for CMDLPs.

Definition 13. Let P be a CMDLP, and s a state in P. An interpretation M
is a stable model of P at state s iff M is a stable model of Π(P) at state s.

Example 13. Consider the CMDLP P of Example 12. Then, the interpretation
Ma = {buy(fiat), good car(fiat)} is a stable model of P at state a since it is a
stable model of Π(P) at state a.

8 Concluding Remarks

Our framework builds on the notion of prevalence of vertices. However, other
notions of prevalence can be accommodated within it. To do so it is necessary
to incorporate these new notions both at the semantical level, that is to modify
the definition of Reject(P, s, M) in Def. 6, and at the syntactical level, that is
to modify the Rejection Rules (RR) in Def. 9 to reflect the new relation.

An interesting notion that can be incorporated is to represent agent societies
based on voting. The idea is to engineer societies where, although each agent
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has a role which drives its behavior, some degree of freedom can be provided to
the agents. One possibility in this direction is to incorporate a voting system in
the society. The voting system can be based on the incoming edges of a certain
node. Thus rules can be rejected because they are outweighed or outvoted, e.g.,
by opting for the best positive or negative average, or even for none. A receiving
node, once it weighs the incoming edges, “commits” to the ones not rejected by
the voting. This can be achieved by defining the weight function w of a WDAG
as w : E × L → R+ mapping the edges in E and the literals in L to positive
real numbers in R+. Then we can adopt a prevalence relation of the form u

a
/
s

v

stating that a vertex v prevails a vertex u wrt. a vertex s in what concerns the
literal a.

A weighed voting can be employed to resolve multiple (or simply paired) con-
tradictions. More sophisticated weighing schemes, including the introduction of
(outgoing) rule weights, and their combination with the (incoming) edge weights,
shall be the subject of future research.

We have presented a logical framework that allows one to model structures
of epistemic agents. In doing so, we have first introduced the notion of WDAG
that extends DAGs to associate weights to every edge of the graph. Then, we
have presented the logical framework with the corresponding declarative and
operational semantics, and we have given results of correctness. The framework
having a formal semantics will allow us to study and prove the properties of
structures for epistemic agents.

In a previous work [7], we explored how to explicitly represent organizational
structures in epistemic multi-agent systems (eMAS), including groups of agents,
institutions, and complex organizational structures for agent societies. Here, we
have illustrated the usage of WMDLPs to represent agent societies based on
confidence factors and voting. For simplicity, we have focused only on the agent
structures, rather than on the agent theories. Therefore, we haven’t considered
the dynamic aspects of the agent knowledge like, for example, when an agent
updates its knowledge to incorporate new incoming information (via updates).
These aspects are discussed in [6].

An interesting direction for future work is to represent the logical framework
within the theory of the agent members of the society. That is, we can code the
graph structure of the agents and the links among them into the theory of the
agents themselves. Doing so will empower the agents with the ability to reason
about and to modify the structure of their own graph together with the general
group structure comprising the other agents. At the level of each single agent,
declaratively expressing the graph structure enables that agent to reason over it
in a declarative way. At the level of the group structure, this ability will permit
the managing of open societies where agents can enter/leave the society. This
in fact can be achieved by updating the graph structure representing the group
by adding/removing vertices and edges. Therefore, encoding the graph structure
within the language of the agents makes the system updatable to capture the
dynamic aspects of the system, i.e., of the open society.
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