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1 The Aim of this Paper

In [11], Neil Tennant describes a method for restricting the consequence relation
of classical logic in such a way that the First Lewis Paradox (A,~A F B) is
avoided, while all proofs, needed for mathematics and the hypothetico-deductive
method in the natural sciences, are retained.

This comes down to the fact that he allows all classical consequences of a
premise set to be derivable, as long as it can not be shown that those conse-
quences are irrelevant in relation to the premises from which they were derived.
This means that he

seeks to ensure that the results we can prove ‘relevantly’ are those whose
conclusions do not follow from their premises only because of the joint
inconsistency of those premises.?

The result is that the “canon of deductive reasoning has been relevantized,” while
“our powers of reasoning have been left intact.”? In other words, in Tennant’s
approach (called “Compassionate Relevantism” in [11]), only Fz Falso Quodlibet,
the only “derivation rule” which does not “use”, but “abuse” the premises in
order to get to their conclusions, is dropped. All other classical derivation rules,
such as Addition and Disjunctive Syllogism, are retained.

It is important to notice that Tennant’s notion of relevance does not apply
to the implication (as all classical paradoxes of implication are valid), but to the
deduction process. This is why he also likes to call it “relevance at the turnstile”.

In this paper, I will show that Tennant’s “relevantizing” of classical logic can
also be reached by means of the ambiguity-adaptive logic AAL™ 2 which also
allows for all and only the “relevant” derivations of classical logic.

* Research for this paper was supported by subventions from Ghent University and
from the Fund for Scientific Research — Flanders, and indirectly by the Flemish
Minister responsible for Science and Technology (contract BIL01/80). I am indebted
to Diderik Batens and Peter Verdée for helpful comments on a former draft.

! See [11], p. 709.

2 See [11], p. 724.

3 See [12] for a general characterization of ambiguity-adaptive logics.



In section 2, I will present the semantics of Tennant’s relevantized classical
logic (CR), in the way it was described by him in [10] and [11]. In section 3, I
will present the ambiguity—adaptive logic AAL"™, and I will show that this logic
also relevantizes classical logic. For reasons of simplicity, I will restrict myself to
the propositional version of both CR and AAL"™. Finally, in section 4, I will
prove the equivalence of both approaches.

2 Tennant’s Relevantized Classical Logic CR

Although Tennant prefers to work proof theoretically, I will describe the seman-
tics of his CR, as it will lend itself more easily to a comparison with AAL"™S.
For those who are interested in the proof theory, I refer to [11].

First of all, I have to mention that Tennant uses set sequents to characterize
CR. These are “formulas” of the form A : © with A and © being sets of well-
formed formulas of classical logic (CL), in which the order and the repetition
of elements are irrelevant. In the following, I will restrict the succedent set © to
the singleton A. This does not lead to a change in the logic, and it makes the
comparison with A AL™ easier.

Tennant states that a sequent A : A expresses a genuine deduction of A (the
conclusion) from A (the premises), whenever there is a A’ C A for which A’ : A
is an entailment. Whether a sequent is an entailment, depends on the following
definitions:

1. A wvalid sequent A : A is a sequent, of which there exists no CL—model which
makes all elements of A true and A false.

2. A perfectly valid sequent A : A is a sequent which is valid and which has no
valid proper subsequents.

3. A proper subsequent of a sequent A : A is either a sequent A’ : A with
A" C A, or the sequent A : () (= A being inconsistent).

4. A sequent A’ : A’ is a suprasequent of A : A, iff there is a function s which
replaces each sentential letter from A : A by a (possibly complex) formula,
so that s(A: A) = A" : A,

5. A sequent A : Ais an entailment iff A : A has a perfectly valid suprasequent.

The following example shows us that this relevantized version of classical logic
enables us to decide whether

given any sequent X : B, (...) B ‘follows’ from X by dint of X’s inconsis-
tency, rather than by dint of any genuine deductive connection between
X and B4

Ezample 1. The sequent {A,~A, AV B}:{B} is not an entailment, because all
its suprasequents are not perfectly valid, but the sequent {~A, AV B}:{B} is
an entailment, and because {~A, AV B}C{A,~A, AV B}, also the first sequent
expresses a genuine deduction.

4 See [11], p. 706.



A drawback of this semantical characterization is that there is no nice proof
theory accompanying it. There is only a proof theory (stated in sequent calculus)
for deciding whether or not a sequent is an entailment.”

Another drawback of Tennant’s system is that it doesn’t make clear how
relevance is at work there. In other words, what’s the relevance—criterion behind
the logic?

Both drawbacks can be overcome by using an adaptive logic to characterize
Tennant’s relevant deduction.

3 The Ambiguity—Adaptive Logic AAL"®

In this section, I will show that the relevantizing of classical logic, can also be
reached by means of the ambiguity—adaptive logic AAL™. Moreover, in con-
traposition with Tennant’s approach, A AL™® not only has a nice proof theory,
but it also provides us with a clear understanding of the demarcation between
relevant and irrelevant deduction.

In section 3.1, I will describe the language schema of AAL™. In section 3.2,
I will present the paraconsistent logic AmbL. In section 3.3, I will present the
adaptive logic AAL"™S.

3.1 The Language Schema of Ambiguity Logic

Let £ be the language of Propositional Classical Logic (CL), with S and W
respectively the sets of sentential letters and well-formed formulas.

The first step towards ambiguity logic is the construction of the language
L%, In order to get £, we change the language £ of CL in the following way:

- 8T =4 {A"| A€ S, and i € N}.6
— WY is defined in £ in the same way W is defined in L.

In view of what is to come, also the following definition is very useful:
Definition 1. AT € T(A) iff

1. AT eW?, and
2. when we drop the indices from AT, we get A(€ W).

Ambiguous Premise Sets. For our purposes, we want our premise set to be
maximally ambiguous. Therefore, we will define the set of maximally ambiguous
interpretations Z(I") of I':

Definition 2. I'"** ¢ Z(I') iff

5 In other words, the proof theory is sound, but not complete in relation to the se-
mantics.
5 An A" € 87 is called an indexed letter (iL).



1. e c WT and
2. every il occurs maximally once in I'™*" | and
3. when we drop the indices from '™ we get I'(C W).

Because, in our approach, all I'"™** € Z(I") will lead to the same consequences
in AAL™S, it is better to pick out one member to represent them all. We will
denote that member by I'Z.

3.2 The paraconsistent Logic AmbL
The logic AmbL is defined as follows:

Definition 3. I' Fampr A iff there is at least one AT € T(A), for which I'" Fcy,
AT,

It is easily seen that AmbL is a paraconsistent logic. As all indexed letters occur
only once in I'Z, it is impossible in CL to derive any unwanted consequence (=
derived by means of EFQ) from I'Z, even when I” is inconsistent.

Ezample 2. In CL, we can derive ¢ from the premise set I' = {p, ~p}, but we
cannot derive any ¢ € Z(q) from I'F = {p!, ~p?}.

It is also immediately clear that AmbL will not allow a lot of genuine conse-
quences to be derivable.

Ezample 3. In CL, we can derive ¢ from the (consistent) premise set I" =
{p,~pV q}, but we cannot derive ¢* from I'T = {p!, ~p? v ¢*}.

This problem can be overcome by interpreting the premise set I'Z as unam-
biguous as possible, which means that we will interpret as identical, all indexed
letters which only differ from each other with regard to their index, for as long
as there is no reason to do otherwise. This will allow us to derive all and only
the genuine consequences of a premise set.

3.3 Interpreting a Premise Set as Unambiguous as Possible
The ambiguity—adaptive logic AAL™ can be characterized as follows:

Definition 4. I' Faapns A iff there is at least one AT € Z(A), for which
FI l_CLns AI.

From this definition follows that it is the logic CL™®, which interprets an am-
biguous premise set I'Z as unambiguous as possible. As a consequence, it will be
the adaptive logic CL™, as applied to a I'Z, that I shall describe below.



The Standard Format. Following the standard format for adaptive logics as
explicated in [2], CL™® can be characterized by the following three components:

1. The lower limit logic is the logic CL, applied to a I'Z. As a consequence, the
lower limit logic of AAL™ is the logic AmbL.

2. The set of abnormalities §2 = {~(A? =AJ)|A*, A7 € §T}. Disjunctions of ab-
normalities are called Dab—formulas.” The Dab—formulas which are derivable
by CL from the premise set I'Z will be called Dab—consequences of I'Z.

3. The adaptive strategy is the normal selections strategy (NS). The NS—strategy
interprets a set of formulas A as behaving abnormal when Dab(A) is a Dab—
consequence of '8

Before I go on with the more stringent formal characterization of CL™®, let me
first give a short, intuitive characterization of adaptive logics in general.

The lower limit logic (LLL) is the stable part of an adaptive logic, since all
LLL—consequences of a premise set are adaptive consequences of that premise
set as well. Moreover, all Dab—consequences are LLL—consequences, so that the
LLL, together with the chosen adaptive strategy® in a sense “decides” which
upper limit consequences also enter the adaptive consequence set. For the normal
selections strategy (NS), the upper limit consequences are those consequences of
the premise set, which are not derivable by the LLL, but become derivable when
we suppose all members of the set of all Dab—formulas to be false. However,
when some Dab—consequences are derivable from the premise set by means of
the LLL, the above supposition is untenable, so that we have to limit the set
of supposedly false Dab—formulas to the set of all Dab—formulas minus those
which are LLL—derivable from the premise set. All consequences which remain
derivable after this operation are called the adaptive consequences of the premise
set.

The Semantics. Let M F A% (resp. M = I'") denote that M verifies AZ (resp.
all members of I'?). Now:

Definition 5. For every CL-model M: Ab(M) = {AT € 2 | M F AT}.

Definition 6. A CL-model M of I'? is a minimal abnormal model iff there is
no CL-model M' of I'T for which Ab(M') C Ab(M).

Definition 7. ®(I'?) = {Ab(M) | M is a minimal abnormal CL-model of I'*}.

Definition 8. A set X of CL-models of I'" is a selected set iff, for some ¢ €
(I, X ={M | METT; Ab(M) = ¢}.

Definition 9. I'7 Ecypns AT iff AT is verified by all members of a selected set
of CL—models of I'T.

" Below, Dab(A) will refer to a disjunction of members of a finite A C f2.

8 Let Ab(I'F) = {A | I'F For Dab(A)}.

9 The best known adaptive strategies are the reliability and the minimal abnormality
strategies, which I do not discuss here. For more information, see [2].



The Proof Theory. Lines in a CL™-proof consist of five elements: (i) a line
number, (ii) a formula, (iii) the line numbers of the formulas from which the
formula is derived, (iv) the rule by which the formula is derived, and (v) an
adaptive condition. The latter is a set of abnormalities.

Let us look at the deduction rules, which are presented in a generic format:

PREM If AT € I'?, one may add a line comprising the following elements: (i)
an appropriate line number, (ii) AZ, (iii) —, (iv) PREM, and (v) 0.

RU If AT ..., AZ -or, B and each of AZ, ..., AZ occurs in the proof on lines
i1, ..., ip, that have conditions Ay, ..., A, respectively, one may add a line
comprising the following elements: (i) an appropriate line number, (ii)
BZ, (iii) iy, ...,in, (iv) RU, and (v) A1 U...U A,.

RC If AT .. AL o BT V Dab(©) and each of A%, ..., AZ occurs in the
proof on lines i1, ..., i,, that have conditions Ay, ..., A,, respectively, one
may add a line comprising the following elements: (i) an appropriate
line number, (i) BZ, (iii) i1, ...,in, (iv) RC, and (v) A U...UA, UO.

Also consider the following marking criterium which acts upon the conditions of
lines derived in a proof.

Definition 10. Abs(I'F) =4 {6 | Dab(®) is a Dab—consequence of I'" at stage
s of the proof}.

Definition 11. Marking for NS: line i is marked at stage s of the proof iff,
where A is its condition, there is a © for which: © C A and Dab(©)cAb,(T'T).

In order to complete the proof theory, we also need the following definitions:
Definition 12. AZ is finally derived from I'T on line i of a proof at stage s iff
(i) AT is the second element of line i, (ii) line i is not marked at stage s, and
(iti) any extension of the proof will not result in a marking of line i.
Definition 13. I'Z Fopns AT (A7 is finally CLPS ~derivable from I'T) iff AT is

finally derived on a line of a proof from I'T.

Soundness and Completeness. Soundness and completeness for adaptive
logics based on the NS—strategy have been proven in [5]. As a consequence:

Theorem 1. I'? Fopns AT iff I'T Ecpns AT,

Theorem 2. I’ FAALns A ZﬁF ':AALns A.

Example. Consider the CL™proof below, based on the premise set I'Z =
{p', % ~p® V gt ~pP VS gt v SR



1 pt PREM 0

2 e PREM 0

3 ~p° Vb PREM 0

4 ~q" V 58 PREM 0

5 ro v ~(pt = pd) 1,3;RU 0

6 ro 5:RC {~(p' =p°))}
7 SV ~(?=4q") 2,4;:RU 0

8 s® 7;RC {~(*=4d"}
9 ~p3 Vo ~gt PREM 0

10 v~ =p)ve(?=¢Y)  1,2,9RU 0

1y 70 10;RC {~0' =p%),~(@* =q¢")}
12 ~(p' =p*) vV ~(¢% = ¢*) 1,2,9;RU U

The formula on line 12 is the only Dab—formula derived in the proof, and as the
formula on line 11 has been derived on a condition which contains the abnor-
malities of this Dab—consequence, it gets marked. About the other conditionally
derived formulas, it is easily verified that they all have been finally derived.

Also notice that the non—-marked formulas cannot get marked by extending
the premise set, because an extension cannot contain the indexed letters needed
to derive the Dab—consequences which would lead to the marking of those for-
mulas (if it would contain those indexed letters, the extended premise set would
not be maximally ambiguous anymore). This means that the logic AAL™ is
monotonic.

Also remark that a formula only gets marked when it has been derived by
means of EFQ.'°

Intuitive Relevance Criterion. The indices in an adaptive proof keep track of
the use that was made of specific occurrences of sentential letters in the deduction
process, and as all indices occur only once in a premise set I'Z, the derivation of
a Dab—formula which leads to the marking of a particular formula, shows us that
its derivation was based solely on the inconsistency of the premise set. So, the
indices provide us with a clear understanding of the difference between relevant
and irrelevant consequences of a premise set, and between the “use” and the
“abuse” of the premises.

4 The equivalence of CR and AAL"™

In this section, I will prove that CR and AAL"™ lead to the same consequence
set.

Lemma 1. I't¢y, A iff, for all AT ¢ Z(A), rr Fer AT v Dab(A).

10° A direct proof for this characteristic of AAL™ will not be given in this paper, but
it will be proven indirectly by proving the equivalence of AAL™ with CR.



Proof. We suppose that AZ € Z(A). Now, the proof has two directions:

1. Suppose: I' ke A.
Consider a CL—proof @ of A from I (I" C I'). From I' Fcr, A follows that
I'TU{A'= A1 |Ae S, and i,j € N} Far AT, for at least one AT in Z(A)
(because the set added to I'T neutralizes the effect of the indices). Now,
by the deduction theorem and the metatheoretical characterization of CL:
rr FeoL AT v Dab(A)

2. Suppose: I'Z Fcr, AT V Dab(A).
Consider a CL-proof &7 of AT V Dab(A) from I'T (I'T C I'T). If you
replace all formulas in ¢7 with their index-less counterparts, the result will
be a proof @ for I' Fcr, AV Dab(A), and because Dab(A) is inconsistent
(N(A = A) FeL AN NA) I A

Lemma 2. When I is consistent: I' Fc1, A iff, for at least one AT € I(A),
FI l_CLns AZ.

Proof. We suppose I to be consistent. Now, the proof has two directions:

1. Suppose: I' Fcr, A.
From I' Fcr, A, together with lemma 1, follows that there is at least one
AT € Z(A), for which I'T Far, ATV Dab(A). As T is consistent, and as only
inconsistencies in I" will make Dab—formulas derivable from I'? (p' A~p? Fc1,
~(p* = p?)), Dab(A) is not derivable, which means that there is at least one
AT € Z(A), for which I'T Fgpns AZ.

2. Suppose: I'7 Fopns AL,
From I'’? Fopns A follows that I'? -or, AT V Dab(A) (see lemma 2 in [5]),
which leads to I' ko, A (= obvious from the second part of the proof of
lemma 1).

Theorem 3. When I is consistent: Cnaares(I") = Cnen(I).

Proof. Obvious from lemma 2.

Lemma 3. I'7 opns AT for at least one AT € T(A), iff there is a I"" C I for
which I'" : A is an entailment.

Proof. The proof has two directions:

1. Suppose there is a " C I" for which I : A is an entailment.

(a) IT” : A is an entailment, which means that there is a perfectly valid
suprasequent s(I"” : A) of I'" : A. We know that s(I"") will be consistent,
otherwise s(I"" : A) will not be perfectly valid (it would have a valid
subsequent: s(I" : ()).

(b) It is possible for s to map I’ to I'"T. In this case, all sentential letters
are mapped to a different formula, so that it is impossible for s(I") to
be inconsistent. However, s(A) (= A%) will not necessarily be derivable.



From (a) and (b) follows that s will have to map some sentential letters on
the same formulas, in order to make s(A) derivable from s(I"), so that it
must be the case that I'Z U {A" = A7 | A € S and s has mapped those
occurrences of A from I which are represented in rz by A and A7, onto
the same formula in s(I"” : A)} For AT for at least one AT € Z(A). By the
deduction theorem and the metatheoretical characterization of CL follows
that I'T Fep, AZV Dab(A) for A = {~(A? = A7) | A € S and s has mapped
those occurrences of A from I” which are represented in I"Z by A? and A7,
onto the same formula in s(I"” : A)}. As s(I") is consistent (see (a)), it will
be the case that I'Z Ko, Dab(A) for A = {~(A? = A7) | A € S and s
has mapped those occurrences of A from I which are represented in I’ 'z
by A" and A7, onto the same formula in s(I" : A)} (see lemma 2), so that
I'T Fepns AT for at least one AT € Z(A). Now, as CL™ is monotonic (see
section 3.3), it is also the case that I'F opas AT for at least one AT € T(A).
2. Suppose I'T Fopns AL
From I'? Fgpns AT follows that there is at least one AZ € Z(A), and at
least one A (possibly empty) for which I'Z or, ATV Dab(A), and for which
I'? ¥ o1, Dab(A). Suppose this to be the case for AT and A;.
As all sentential letters occur only once in I'?, inconsistencies are not deriv-
able from I'Z, so that there is a I'? C I'T for which I'? : AT V Dab(4,) is
an entailment.
Now, consider a function s, so that if ~(A4° = A7) € A;, then s(A?) =
s(A7) = A’. For all other indexed letters: s(AF) = A*. This will give us
s(I'T) For s(AT) with a consistent s(I"%) (as I'T ¥er, Dab(A;)), from
which follows that s(I"%) : s(AZ) is a perfectly valid suprasequent of I" : A
with I C I

Theorem 4. I' baarns A iff there is a I" C I' for which I : A is an entail-
ment.

Proof. Obvious from lemma 3.

5 Conclusion

As we all know that people use classical derivation rules such as Disjunctive
Syllogism and Reductio Ad Absurdum in a lot of reasoning contexts,'! even in
inconsistent ones,'? and as they manage to do this without (consciously) deriving
trivial consequences, it is quite astonishing that most paraconsistent and relevant
logics invalidate those derivation rules. In a sense, these logics cannot capture
the notion of “common sense relevance”, which is what people intuitively rely
on when they derive conclusions from a set of premises.

It is precisely this kind of relevance that Neil Tennant has tried to capture
by relevantizing classical logic. In this paper, I have proven that classical logic

1 See [7] for a decent defence of this claim.
2 See [8] for an example from the sciences.



can also (and even better) be relevantized by means of the ambiguity—adaptive
logic AAL"Ps 13
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