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Aim

» Identify subclasses of LK-proofs where cut-elimination is fast
(i.e. elementary).

» Find out which kind of cut-derivations are essential (in
compressing proofs).



» Identify subclasses of LK-proofs where cut-elimination is fast
(i.e. elementary).

» Find out which kind of cut-derivations are essential (in
compressing proofs).

» to this aim use CERES.



Cut-Elimination

Cut: Rule for using lemmas in a proof.
Cut-Elimination:

» Elimination of lemmas from proofs.
» Transformation to elementary proofs.
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Cut-Elimination

Cut: Rule for using lemmas in a proof.
Cut-Elimination:

» Elimination of lemmas from proofs.
» Transformation to elementary proofs.

» Obtain proofs with sub-formula property.

Example:
proofs of theorems in number theory may use topological
structures. Cut-elimination yields proofs without topology.
other applications:

» extraction of bounds via Herbrand's theorem

» extraction of programs from proofs



Gentzen’s Hauptsatz:

For every (LK-) proof of a formula A there
exists a proof of A without cuts (which can
be constructed effectively).



Sequent Calculus

Sequent: A+ B, for finite multi-sets of formulas A, B.
Ai,..., Ay F By, ..., By represents
NA —V B;.

F: separation-symbol.

LK: calculus on sequents, based on logical and structural rules.
axioms: A+ A for atoms A.



I. The logical rules:
A-introduction:
ATEA B,TFA
ArBTEANT  AnBTRA N
r'-AA THA,B
r-AAAB
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N:r

V-introduction:
ATFA BTEFA

AVB,TFA

rraa ., _Tka8
rFa,AvB VT rFaAvB VT

—-introduction:
MMEAL,A BTaFA _
A— B T, F A, A s
ATHA B
—
rN-AA— B

2




—-introduction:

r-aA ATFA
SATHEA T-FA-A

V-introduction (eigenvariable cond. for V : r):

A(x/t),TF A M- A A(x/y)
(V)AX),TFA T [ A, (Vx)A(x)

J-introduction (the eigenvariable conditions for 3 : / are these for
Vor):

A(x/y),T F A M A A(x/t)
(F)AKX),TFA = [ A, (3x)AKx)




Il. The structural rules:

weakening:

Ir=A . Ir=A

rea A’ ATra W/
contraction:

AATEA [FAAA

ATra C°f A A
cut FEAA ATEA

: : cut(A)

MEAA

Let A be a formula s.t. A occurs in A and in 1. Then the mix is
defined as:

rN-A NEA .

F e ara mxA)

where [1* = 1 after elimination of A, similar for A.



LK-proof without cut:

Py)EP) ..
P(y) I P(b). P(y) P()P()
P(y). ~P(y) - P(b) """ P(y). P(b) - P(b) ;” |
P(y),=P(y) v P(b) F P(b) '
P). (#)(-P() v P(B)) I P(B)
(F9P(). (H)(P(IV PB) FP(B) 7
(%) (CPC) v P(B) F BNPR) — P(B)
= ()P0 v P(B) = (F0)P() — P(B)



LK-proof with cut:

(2)
P(b))FA AF (3Ix)P(x) — P(b)
)

V P(b)) F (3x)P(x) — P(b)
F (Vx)(=P(x) vV P(b)) — ((3x)P(x) — P(b))
for A= (Vx)—P(x) VvV P(b) and

P2 =

cut

— r

\

~—

P(y) F P(y)
P(y) = P(b), P(y)
P(y),~P(y) - P(b) P(b) - P(b)
P(y), (¥x)=P(x) - P(b ) P(y), P(b) - P(b)
P(y), (¥x)=P(x) V P(b) - P(b)
(3x)P(x), (¥x)=P(x) v P(b) - P(b)
(¥x)=P(x) Vv P(b) = (3x)P(x) — P(b)

w: !
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Gentzen’s method of cut-elimination:

» reduction of rank and grade.
> ‘“peeling” the cut-formulas from outside.

» elimination of an uppermost cut.

The method can be described as a
normal form computation

based on a set of rules R.



Gentzen’s method of cut-elimination:

» reduction of rank and grade.
> ‘“peeling” the cut-formulas from outside.

» elimination of an uppermost cut.

The method can be described as a
normal form computation

based on a set of rules R.
Computational features:

> very slow.

» weak in detecting redundancy.



Example of a Gentzen reduction:

P@aFPla) P(b) - P(b) P(a) F P(a)

P P@E) | IPCIF PGB T P APBIF PE) M

(Vx)P(x) F P(a) A P(b) r P(a) A P(b) F (3x)P(x) a;tr
(Vx)P(x) F (3x)P(x)
rank = 3, grade = 1.
reduce to rank = 2, grade = 1:
PE)FPG) POIEPEB)

(VX)P(x)F P(a) ~ (Vx)P(x)F P(b) /\'. P(a) - P(a) .

(Vx)P(x) = P(a) A P(b) - P(a) A P(b) - P(a) j:\ut

(Vx)P(x) F P(a)
(Vx)P(x) F (3x)P(x)




P(a) F P(a) P(b) F P(b)
l_

)P P@) " (9PGF P(D) \ZZ_’r Pa)FPG)
(Vx)P(x) - P(2) » P(b) PG AP FP@E)
(Vx)P(x) F P(a)

(Vx)P(x) F (3x)P(x)

rank = 2, grade = 1. Reduce to grade = 0, rank = 3:

P(a) - P(a)

(Yx)P(x) F P(a) P(a) F P(a)
(Yx)P(x) F P(a)

(Vx)P(x) F (3x)P(x)

eliminate cut with axiom:

Vil

cut

. r

P(a) - P(a)
(Vx)P(x) - P(a)
(Vx)P(x) F (Ix)P(x)

. r



Cut-elimination by Resolution (CERES)

based on a structural analysis of LK-proofs.

sub-derivations into cuts

6\

sub-derivation into end sequent

CL(y): characteristic clause set,

carries substantial information on derivations of cut formulas.
clause = atomic sequent.

cut-elimination = reduction to atomic cuts.
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Example: ¢

©2

¥1
(Vx)(P(x) = Q(x)) - (3y)

(P(a) — Q)

¥1 =

:

S|=
I
1L

==
<2<
|1

S|~
|2
1%
==
T

—. r

J:r

P(u) = Q(u) F P(u) — Qu)
P(u) — Qu) = (Fy)(P(u) — Q(y))
(v)(P(x) — Q(x)) = Gy)(P(u) — Qy))
() (P(x) = Q(x)) F (Vx)(Fy)(P(x) — Q(¥))

vl

r

{P(u) F} > {F Q(u)}.

S —



(p =
#1 ©2

(V) (P(x) — Q(x)) F (By)(P(a) = Q(y))

(a) = P(a) Qv
(a), P(a) — Q(v
P(a) = Q(v) - P(a
P(a) — Qv) = (Ey)(P
— Q) FE(P
Q) (3 )

= {F P(a)} U{Q(v) F}.




cut-ancestors in axioms:
S1={P(u) b}, S2={F Q(u)}, S3={F P(a)}, S ={Q(v)F}.
S5=5 x5 ={P(u)F Q(u)}.

S =5US, = {F P(a); Q(v)+}.
characteristic clause set:

CL(p) =SUS ={P(u)F Q(u); F P(a); Q(v)+}.



Projection of ¢ to CL(yp)

» Skip inferences leading to cuts.

» Obtain cut-free proof of end-sequent + a clause in CL(y).

proof ¢ of S

4
cut-free proof ¢(C) of So C.



Let ¢ be the proof of the sequent
S: (Vx)(P(x) — Q(x)) F (3y)(P(a) — Q(y)) shown above.
CL(¢) = {P(u) - Q(u); F P(a); Q(v)F}.
Skip inferences in ¢1 leading to cuts:
P(u)F P(u) Q(u)F Q(u)

P(u), P(u) — Qu) - Q(u)
P(u), (vx)(P(x) — Q(x)) F Q(u)

—:

Vil




 proof of

S ()(P(x) = Q(x) F (Fy)(P(a) — Q(y))
CL(¢) = {P(u) - Q(u); F P(a); Q(v)F}.

For C; = = P(a) we obtain the projection ¢(():

P(a) - P(a)
P(a) - P(a), Q(v)
FP(a) — Q(v), P(a)
F @y)(P(a) — Qy)), P(a)
(Vx)(P(x) — Q(x)) = (3y)(P(a) — Q(y)), P(a)

w:.r
—:

o r

w:



The Method CERES

given proof ¢,

» extract characteristic clause set CL(¢),
» compute the projections of ¢ to clauses in CL(yp),
» construct an R-refutation 7 of CL(y),

» insert the projections of ¢ into v = CERES normal form of .



@ proof of
S () (P(x) = Q(x)) - (By)(P(a) = Q(y))

CL(p) ={G: Pu) - Q(u), Ga: F P(a), G: Qu) K}
a resolution refutation § of CL(go).

FP@) Pk Qu)

- Q) RoQu)r
R
',
ground projection 7y of §:
FP(a) P(a)F Q(a) R
FQ(a) Q(a) + R

|_

viao = {u «— a,v — a}.



end sequent S of p, S =BF C.
’y =
FP(a) P(a)F Q(a)
FQ(a)

R Q)+

- R

CERES-normal form ¢(v) =

(x2) (x1)
B+ C,P(a) P(a),BF C,Q(a) (x3)
cut
B,B+C,C,Q(a) Q(a),B+F C
B,B,.B+-C,C,C .
S contractions

cut




skolemized proofs

» SK = set of all LK-derivations with skolemized end-sequents.
» SKj = set of all cut-free proofs in SK.
» SK' = derivations in SK with cut-formulas of complexity < .

» Goal reduction to derivations with only atomic cuts, i.e.
transform ¢ € SK into ) € SK°.

first step: construction of the characteristic clause set



Characteristic Clause Set:

Let ¢ be an LK-derivation of S and let Q2 be the set of all
occurrences of cut formulas in . We define the set of clauses
CL(¢) inductively:

Let v be the occurrence of an initial sequent in ¢ and seq,, the
corresponding sequent. Then

S/v = {seq(v, )}

where seq(v, Q) is the subsequent of seq, containing the ancestors
of Q.



Assume:

S/v already constructed for depth(v) < k.

depth(v) = k+ 1:

(a) v is the consequent of u:

S/v=5/pu.

(b) v is the consequent of w1 and po:

(b1) The auxiliary formulas of v are ancestors
of 2, i.e. the formulas occur in
seq(pi1,€2), seq(piz, 2):

(+) S/v=5/mUS/pe.

(b2) The auxiliary formulas of v are
not ancestors of 2

(x) S/v=>5/m xS/pa.

CL(¢) = S/vo where 1y is the occurrence of the end-sequent.



If ¢ is a cut-free proof then there are no occurrences of cut
formulas in ¢ and CL(p) = {F}.

Proposition:
Let ¢ be an LK-derivation. Then CL(¢p) is unsatisfiable.



Projection:
Lemma: Let ¢ be a deduction in SK of a sequent S: '+ A. Let
C: PF Q be a clause in CL(y). Then there exists a deduction

o(C)of P,THA,Q
s.t.
¢(C) € SKy and 1(p(C)) < I().

Projection of ¢ to C: construct ¢(C).



the remaining steps:
e Construct an R-refutation 7 of CL(yp),
e insert the projections of ¢ into 7.

e add some contractions and obtain a proof with (only) atomic
cuts.

(e eliminate the atomic cuts)



Generality of CERES

CERES does not only work for LK.

» any sound sequent calculus for classical logic (with cut) does
the job.

» unary rules do not “count”.

» necessary: auxiliary formulas, principal formulas, ancestor
relation

Example: LKDe

LK + equality rules + definition introduction.

Important to formalization of mathematical proofs.
Corresponding clausal calculus: resolution + paramodulation.



Experiments with CERES

» underlying theorem prover: Prover9.

» very large proofs can be handled.

» Analysis of an example from C. Urban.
mathematically different proofs obtained by CERES.

» Analysis of Fiirstenberg's proof of the infinity of primes.
Extraction of Euclid’s construction.



Complexity of cut-elimination

» complexity of cut-elimination is nonelementary.

Orevkov, Statman (1979):
There exists a sequence of LK-proofs ¢, of sequents S, s.t.

> Jlnll < 2" and
» for all cut-free proofs ¥ of wp: [|1]| > s(n) where

s(0) =1, s(n+1) =25,

There exists no cheap way of cut-elimination in principle!



Complexity

Let e : IN?> — IN be the following function

e(0,m) = m
e(n+1,m) = 2:¢(nm)

» f: INK — IN™ for k,m > 1 is called elementary if there exists
an n € IN and a Turing machine = computing f s.t. for the
computing time T, of m:

TTI'(’].? SRR /k) < e(”v ‘(llv SRR /k)|)

where | | = maximum norm on IN¥.

» s:IN — IN is defined as s(n) = e(n, 1) for n € IN.

s and e are nonelementary.



Complexity of CERES

essential source of complexity:

» resolution refutation v of CL(¢p).
> ||[CL(¢)|| is at most exponential in |||

» Computing the global m.g.u. ¢ and a p-resolution refutation
/' from ~y is at most exponential in ||v]|.

> Let
r(v") = max{||t|| | t is a term occurring in ¥'}.
Then r(y') < ||7/]| and, for any clause C € CL(y):
IColl < €l r(v),

le(Coll < llp(O) +r(v) < Nl * r(v).



Complexity of CERES

@: LK-proof of S.

Let v be a resolution refutation of CL(y) and +' be a
corresponding ground projection.
Then there exists a CERES-normal form ) of S s.t.

Il < e 191l r(7) = Nl



Complexity of CERES

» Resolution complexity:
Let C be an unsatisfiable set of clauses. Then the resolution
complexity of C is defined as

rc(C) = min{||y|| | v is a resolution refutation of C}.



Complexity of CERES

» Resolution complexity:
Let C be an unsatisfiable set of clauses. Then the resolution
complexity of C is defined as

rc(C) = min{||y|| | v is a resolution refutation of C}.

» Definition:
Let P be a class of skolemized proofs. We say that

CERES is fast on P

if there exists an elementary function f s.t. for all ¢ in P:

re(CL(¢)) < f([l¢l])-



Efficiency of CERES

CERES is superior to Gentzen:
nonelementary speed-up of Gentzen by CERES:

» There exists a sequence of LK-proofs ¢, s.t.
> |ln|l < 2%*" and
> all Gentzen-eliminations are of size > s(n).
» CERES is fast on {¢, | n € IN}.

» There is no nonelementary speed-up of CERES by reductive
methods based on R!



Fast Cut-Elimination Classes

problem: how to identify fast classes?
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are elementary and

» decidable by resolution!



Fast Cut-Elimination Classes

problem: how to identify fast classes?

answer:use resolution decision theory for identification.

» Most well-known decidable subclasses K of first-order logic
are elementary and

» decidable by resolution!

Consider clause forms K of K s.t.
» rc(C) is elementarily bounded in ||C|| for C € K.
» Find a class of proofs P s.t. for ¢ € P CL(yp) € K.

Then CERES is fast on P.



Fast Cut-Elimination Classes

A simple example:

Definition:
UIE is the class of all skolemized LK-proofs
» with atomic axioms of form A+ A,

» where all inferences going into the end-sequent are unary.

Proposition:
Cut-elimination is at most exponential on UIE.

exponentiality: based on m.g.u.



monotone cut-formulas

» fact: cut-elimination on proofs with a single montone cut is
nonelementary (Baaz, L. 1999).

» restriction on the arity of inferences in the proofs =
elementary cut-elimination class.

Definition: UILM is the class of all skolemized LK-proofs ¢ with
» atomic axioms of form A A, s.t.
» (p contains only one cut which is monotone,

» all inferences in the left cut-derivation which go into the
end-sequent are unary.

Theorem: Cut-elimination is elementary on UILM.
(generalized in M. Rukhaia’s Master Thesis, 2009)



Let ¢ be a proof in UILM then ¢ = ¢[¢], where 9 is the only
cut-derivation in ¢. Assume that ¢ =

(¥1) (¥2)
[-AA ATNEA

MLITEAA

cut

CL(%) is of the form C; U Ca, where

€1 = {FA; ...; FA}, and
C € (B BiF [ {n- i € {1, m}, k< m).



CL(%)) is unsatisfiable = refutation p by hyperresolution of CL(%)).
No mixed clauses in CL(%)) = p must consist of single

hyperresolvent

/ /
- A, Bl.....BF

B

!
Jk

A

Tk

F
y": CERES-normal form of ¢. Define ¢’ = ¢[¢'],.

19/ < Hloll + 1)) < o] + 2711,

= cut-elimination is elementary on UILM.



The class MC

MC = class of all skolemized LK-proofs
» with axioms A+ A (A quantifier-free),
» containing only unary function symbols,

» all predicate symbols occurring in cut-formulas are monadic.
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The class MC

MC = class of all skolemized LK-proofs
» with axioms A+ A (A quantifier-free),
» containing only unary function symbols,

» all predicate symbols occurring in cut-formulas are monadic.

note: end-sequents of MC define an undecidable class!

Let v € MC:
cut formulas:

» monadic function symbols and

» monadic predicate symbols.



CERES on MC

adapt MC to CERES:
replace A A (for nonatomic A) by a proof of A+ A from atomic
axioms (complexity linear) = proof transformation p.

1 € MC = consider ¢ = p(v).

proof (: the ancestors of the cuts in the axioms are

» - A or AF where A is of the form
> P(fi...fys) forse CSU V.

We may omit tautologies in the construction of CL(¢p)!



resolution decision theory

T(A
T(C
Tmax(X7 A

)
)
)
V(A)

depth ordering: A, B:

(1) V(A) < V(B),
(2) 7(A) < 7(B) and

= maximal term depth in A.
= max{7(A) | Ain C}.
= maximal depth of x in A.

= set of variables in A.

we define A <y B if

(3) for all x € V(A): Tmax(x, A) < Tmax(x, B).

<4 is an atom ordering.



ordered resolution

Let C,D € C, R a resolvent of C, D with resolved atom A.
Nc(R) € p<,(C) iff there is no atom B in Rs.t. A<y B.

The corresponding resolution operator is defined by:
o0 .
R<,(C) =CUp<,(€), RZ, (€)= JRL,(0).
i=0

R<, is complete, i.e. - € RZ (C) if C is unsatisfiable.



The class K

K is the set of all finite condensed sets of clauses C s.t. for all
C €C: |V(A)| <1 for all atoms A occurring in C.

Lemma I: RZ (C) is finite for each C € K and
T(RZ,(C)) < 2% 7(C). proof: (C. Fermiiller 1991, L. 1997).



Kmon is the subclass of K containing only monadic predicate
symbols and monadic function symbols.



Kmon is the subclass of K containing only monadic predicate
symbols and monadic function symbols.

Lemma Il: Let C € K,op. Then

(1) Rz, (C)] < 2%, and

(2) max{[[C][ | C € RZ,(C)} < 2s(7(C) +2)
for s = 2|PS(X)||FS(Z)|27)(|CS(X)| + 1)
where ¥ = signature of C.



CERES on MC

Theorem: CERES is fast on MC. As a consequence,
cut-elimination is elementary on MC.

proof:
The clause set CL(y) (defined by union and product) only consists
of clauses built from atoms of type

P(fi...fps) fors e CSU V.

CL(¢p) itself need not be in Kpon,
but its condensation C: N.(CL()) is in Kpmon.



By Lemma Il we get ,
RZ,(C)] < 2%

for s = 2|PS(X)||FS(Z)>©)(|CS(X)| + 1) and X = X(C).

max{[|C|| | C € RZ_(C)} < 2s((C) +2).

C is unsatisfiable

4

resolution refutation containing at most

< 23 different clauses of length < 2s(7(C) + 2).



Theorem:

Gentzen's cut-elimination method is nonelementary on MC.
proof:

Consider the worst-case proof sequence (pp)new of V.P. Orevkov.

e the (skolemized) end sequents of pp:
(Yw)P(w,c, f(w)),
(Vu, v, w)(@y)(P(y,c,u) A(32)(P(v,y,z) A P(z,y,w))) —
P(VF’ u, w))
(Fva)(P(c, ¢, va) A (3va—1)(P(c, Vi, Va—1) A ... A(Bw)P(c, vi, vp) .. .))

e the cut formulas A,(c) of pp:

Ao(a) = (Vwo)(3vo) P(wo, o, vo), Ao(a, ) = (3wo) P(e, 8, vp),

Air1(a, 6) = (Fvir1)(Ai(vier) A P, 9, viy1)),
Air1(a) = (YwWi1)(Ai(wir1) — Air1(Wira, ).



(pn)neN contains
» one unary function symbol f,
» one ternary predicate symbol P.

» cut-elimination on (pn)neN is nonelementary.

%

replace the predicate Ax,y, z.P(x,y, z)

v

by the conjunction of new unary predicates

Ay, 2((Q1(x) A Qa(y)) A Q3(2))-

everywhere in pp,.



= new sequence (¢,)nen in MC.

Every reduction step on ¢, is completely isomorphic to steps
performed on p,!

=

the sequence of cut-elimination steps on (¢n)ne is as long as that
on the original sequence (pp)neN-

Gentzen is of nonelementary complexity on (pp)neN-

holds for all reductive methods based on R!

impossible to prove MC fast via R!



CERES versus Gentzen

is to possible to prove fast cut-elimination of a class P by Gentzen,
but CERES "fails” on P?
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CERES versus Gentzen

is to possible to prove fast cut-elimination of a class P by Gentzen,
but CERES "fails” on P?

The answer is NO!

» no nonelementary speed-up of CERES by Gentzen!

» it is impossible that fast cut-elimination is provable a la
Gentzen, but not by CERES!



Characteristic Clause Sets and Cut-Reduction

Main Lemma:
Let ¢, ¢ be LK-derivations with ¢ > ¢’ for a cut reduction
relation > based on R. Then

CL(‘P) <ss CL(SO,)-

proof:
by cases according to the definitions of > and R. O

R = set of cut-reduction rules extracted from Gentzen's proof.

<ss: subsumption relation on clause sets.



Characteristic Clause Sets and Cut-Reduction

Theorem: Let ¢ be an LK-deduction and 1 be a normal form of
@ under a cut reduction relation > based on R. Then

CL(¢p) <ss CL(®).

Theorem: Let ¢ be an LK-derivation and i be a normal form of
© under a cut reduction relation >x based on R. Then there
exists a resolution refutation v of CL(yp) s.t.

7 <ss RES(¥).

RES(v)) = (canonic) resolution refutation of CL(%)).
results above improved by S. Hetzl and B. Woltzenlogel Paleo.



Characteristic Clause Sets and Cut-Reduction

Corollary 1:

Let ¢ be an LK-derivation and 1 be a normal form of ¢ under a
cut reduction relation >5 based on R. Then there exists a
resolution refutation v of CL(¢p) s.t.

I(7) < I(RES(¢)) < I(y) + 2/,

Corollary 2:

Let ¢ be an LK-derivation and ¢ be a normal form of ¢ under a
cut reduction relation >% based on R. Then there exists a proof
CERES-normal form y of ¢ s.t.

I(x) < I()  I() = 22°/0),

proof: x is defined by inserting the projections of ¢ into a
refutation 7 of CL(¢). <&



Corollary 3: a nonelementary speed-up of CERES by R is
impossible!

There exists no sequence of proofs (¢n)neN s.t.

a) there exists an m and R-normal forms ¢, of ¢, s.t.
2 12
1@all < e(m, [I@nl]) for all n

and

(b) for all k € N there exists a number m s.t. for all n > m and
for all CERES-normal forms 1 of ¢,

11 > e(k; l[all)-



Cut Reduction Rules:
If a cut-derivation ) is transformed to 1)’ then we define

>y
where 1 =

(0) (o)
r-A neA

Lo rFa A Ut



3.11. rank = 2.

The last inferences in p, o are logical ones and the cut-formula is
the principal formula of these inferences:

3.113.31.

(p1) (p2) (o)
r-AA THAB ANEA

Nir ——=———+ A:l
r-AAAB AANB,TTEA
FTFAA cut(AN B)

transforms to

(p1) (o")
FTEAA ANEA

[ - A% A
FOFAA

cut(A)
w ¥

For the other form of A : [ the transformation is straightforward.



3.113.33.

(¢'la]) (o)
rEA, B BX,N+ A
FEA (B " (B nen !
FTEAA cut((Vx)B)

transforms to
('[t]) (o)
Nr=A B Bf,MEA
= A* A .
LOFAAN Y

cut(BY)

3.113.34. The last inferences in p,o are 3 : r,3 : [: symmetric to
3.113.33.



3.12. rank > 2:
3.121. right-rank > 1:

3.121.2. The cut formula does not occur in the antecedent of the
end-sequent of p.

3.121.23. The last inference in ¢ is binary:
3.121.231. The case A : r. Here

(01) (02)
() TEAB TEAC

nNEA rABAC

L r

nrraaBrc UtA)
transforms to
n(ﬁ)/\ r ﬁai) B n(ﬁ)/\ r éai) C
nrraa e A Arraac et

. r

nr=n"SABAC
D



3.121.232. The case V : /. Then %) is of the form

(01) (02)
() B.TFA CTEA

MmEA B\/C,I‘I—AcutE/A:)
M, (BV O, T F A", A

(BVv C)*isempty if A= BV C and BV C otherwise.
We first define the proof 7:

(p) (1) (p) (02)
NEA BTEA N-A C.TFA

B N, F A% A f(“t(A) C N EAA f(”t(A)
B.N,T" F A, A ALY
BVC,N.T*FA"A Vi

Note that, in case A= B or A= C, the inference x is w : [;

otherwise x is the identical transformation and can be dropped.
If (BV C)* = BV C then 1) transforms to 7.



If, on the other hand, (B'V C)* is empty (i.e. BV C = A) then we
transform @ to

n(ﬁ)/\
_
M. F A A A C”_Z(A)
N A, A ©°



3.121.233. The last inference in ¢, is —: /. Then 9 is of the
form:

(x1) (x2)
(1) TFO,B CAFA

Ny B— C.T.AFO.A _C’;Ji(A)
M(B— C).I",A F57,0,A

Asin 3.121.232 (B— C)*=B — Cfor B— C# A and
(B — C)* empty otherwise.
3.121.233.1. Aoccursin [ and in A. Again we define a proof 7:

(v1) (x2)
(¢1) (Xl) nmx C,AFA

N-Y r-o.B C* M, A F X% A )C(“t(A)
M3 0 B CNAFIA”
B— C,MIMNA*F¥0,xrA e

cut(A)

If (B — C)* =B — C then, as in 3.121.232, v is transformed to
7 + some additional contractions. Otherwise an additional cut
with cut formula A is appended.



3.121.233.2 A occurs in A, but not in I'. As in 3.121.233.1 we
define a proof 7:

(V1) ()
NEY C,AFA

(x1) CLMATFTSA )";“t(A)
r-e,8 C,MAFZ*A y
B— C,I,N,A*FO,5*A

Again we distinguish the cases B— C =A and B — C # A and
define the transformation of ¢ exactly like in 3.121.233.1.
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